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Chuong 1
MA TRAN VA HE PHUONG TRINH TUYEN TiNH

% Muc tiéu hoc tip: Sau khi hoc xong chuong nay, ngudi hoc co thé:
- Tinh céc phép todn trén ma tran
- Ung dung ma trin giai hé phuong trinh tuyén tinh

1.1. MQT SO KHAI NIEM VE MA TRAN:
1.1.1. Dinh nghia:

Mot ma tran A loai mxn trong truong K 13 mot bang chit nhat gdbm mxn phan tir trong K

duoc viet thanh m dong va n ¢ot nhu sau:

&, 8, .. A,

Ay, Ay ... 8y,
A=

aml am2 amn

trong d6 aj; € K 1a phan tir ¢ vi tri dong thir i va cot thr j ciia A

- Matrin A c6 thé viét gon 1a A = (aj)

Ky hiéu M, (K) 1a tap hop tat ca cac ma tran loai mxn trén K
- Mot ma tran trén K thuong duoc ky hi¢u bdi nhitng chir in hoa (vi du: A, B, C,....)
- Kyhiéu Ae M, (K) cho biét A 1a mot ma tran loai mxn trén K

- Ky hiéu [A];j (hodc aj)) dugc hiéu 1a phan tir nam & vi tri (i, j) ciia A

Vidu:
1 2 4
A= thi a,=1,8a,,=7, a,,=5,
1 eyt o
- Néum = n thi ta ndi A 1a mot ma trin vuéng cap n trén K. Tap hop tit ca cac ma trin
vudng cap n trén truong K ky hiéu M, (K).
Vi du:
2 J3 4
A=13 -1 5
2 2 i
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+ Céc phan tr trén duong chéo chinh 2, -1, i
+ Céc phan tir trén duong chéo phu 2, -1, 4
1.1.2. Dinh nghia:
Tan6i M, (K) 1a ma trdn khong (hay ma trén zero), ky hiéu A = O, (hay di khi 1a

0 néu khong c6 sy nham lan), néu 8;=0, V i]

Vi du.

O3><3 =

o O o
o O o
o O o

1.2. CAC PHEP TOAN TREN MA TRAN:

1.2.1. Dinh nghia:

Cho A, Be M, (K). Tandi A=Bnéu &; =b;, Vv ij

Vi du:

2 4
A= P4 , B= thi A=B<=>p=2,q=4,1=n,
1 0 n 0

1.2.2. Dinh nghia:

Cho AeM,,,(K). Ta goi BeM,,,(K) la chuyén vi ciia A (ky hiéu B = A"), néu

mxn (

jiv

1 2 3
A= thi AT =
5 6 7

> Tinh chit:

Vidu:

w N -
~N o o1

0 A=A
i) A'=B'<=>A=B
1.2.3. Dinh nghia:
Cho Ae Mnxn(K) va ¢ € K. Tich ctia ¢ voi A (ky hi€u cA) 1a mot ma tran dugce dinh nghia

boi cA=(cay)

mxn
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Néu ¢ = -1 thi ta ky hiéu (-1)A = - A va goi 1a ma tran dbi ctia A.

o s

Tinh chét:

Vi du:

Cho A € Mm(K) vac, d € K. Khi do:
(1) (c.d).A=c.(d.A), suy ra (-c)A = c(-A);
i) (cAT=cA".

1.2.4. Dinh nghia:

Cho A, B € M(K). Tong cia A va B (ky hiéu: A + B) 13 mot ma tran thudc Muyn(K)
duogc dinh nghia boi

A+B=(ay +l;), Vi, j.

1 3 1 2 2 5
Vidu: + =
AT P

> Tinh chit: Cho A, B, C eMun(K) vac,d eK. Khi d6

i) A+B=B+A;
(i) (A+B)+C=A+(B+C);
(i) 0O+A=A+0=A;
(iv) A+(-A)=(-A)+A=0;
(v) (A+B)'=AT+B"
(vi) c(A+B)=cA +cB;
(vii) (c+d)A=cA+dA

1.25. Dinh nghia

Cho A € Mimn(K) Va B & Myg(K). Tich cita A va B (ky hiéu AB) 1a mot ma tran C thudc
Mump(K) dugc dinh nghia béi

CIJ:allle+a|2b21+ambnj,izj.,z,m,j:l,z,,p
11
" 12 .
Vid:Cho A=|2 1|B= ,taco
3 4

3 2

S|
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1.1+13 12+14 4 6
AB=1|21+13 22+14|=|5 8
31+23 32+24 9 14

Chuy:
- Tich cua hai ma tran chi thuc hién duogc khi sd ¢t ciia ma tran thir nhét béng ) dong cua
ma tran thir hai.
- AB va BA cung ton tai khi A va B 13 hai ma trdn vudng cing cap va AB = BA
- AB=0c6théxdyraA=0va B=0
Vidu:

o o

Cho A, A € Muxn(K), B, B € Myxp (K), C € Mpyq(K) vac e K. Khi dé:

A~[o o==[: o)

» Tinh chit:

(i) (AB)C=A(BC);
(i) AOnxp = Omxp; OrxmA = Orxn;
(iii) A(B+ B)=AB + AB’;(A+ A)B=AB + AB;
(iv) (AB)'=ATBT
(v) c(AB)=A(cB) =(cA)B.
1.3. CAC LOAI MA TRAN VUONG PAC BIET
1.3.1. Dinh nghia
Ta n6i Ae My(K) 1a ma tran duong chéo cap n néu i a; =0,Vi= j, (nghia 12 ma tran
vudng c6 tat ca phan tir bén ngoai dudng chéo chinh déu bang 0).

Vi du:

>

I
o o -
o N o
w o o

1.3.2. Dinh nghia

Mot ma tran dudng chéo cp n trén K voi tt ca cac phan tir trén dudng chéo déu bang
nhau duoc goi 1a ma tran vé hudng cp n trén K. Mot ma trdn vo hudng cap n véi phan tir 1 trén

duong chéo chinh dugc goi 1a ma trdn don vi cép n trén K.
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Ky hiéu: I, ma tran don vi cép n trén K c6 dang.

1 0 .. 0
1

0 A
I =9y, ,j=1Ln
0 0 .. 1
Trong do ¢ jj1a ky hi¢u:

_{1. néui=j
5ij— . .
0, neui#]j

1.3.3. Dinh nghia:
Ta ndi Be M, (K) 1a ma tran tam giac trén néu a; =0,Vi> ] (nghiala ma tran vudng c6
moi phan tir & bén dudi dudng chéo chinh déu bang 0).
1.3.4. Dinh nghia:
Ta n6i Ce M, (K) 12 ma trin tam giac du6i néu C;j =0,Vi< ] (nghiala ma trdn vudng c6
cc phan tir & bén trén dudng chéo chinh déu bang 0)
1.3.5. Dinh nghia
Mot ma tran tam giac trén hodc tam giac dudi goi chung l1a ma tran tam giéc.
1.3.6. Dinh nghia:

Ta ndi AcM, (K) 1a mot ma tran phan d6i ximg (hay phan ximg) néu A™ = - A, nghia la

Nhan xét: Tat ca cac phan tir trén dudng chéo chinh ctia ma tran phan tmg déu bang O.
0 -2 -3
Vidu: A=|12 0 1
3 -1 O

1.4. LOY THUA MA TRAN:
1.41. Dinh nghia:

Cho Ae M(K). Ta dinh nghia luy thira cia A mot cach quy nap nhu sau:
A=, A=A AP =AA, .., AT=AKA V ke N

Vidu:
010 0 0 1 0 0O
_ ~ A2 — 3_
A=|o0 0 1|=>A°=|0 0 o|VaA=|p 0 O
0 0O 0 0O 0 0O

~
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Nhu vy v6i A= 0 nhung A%=0
Vi A e My(K), c6 thé xay ra trudng hop A # 0 nhung 3 A* = 0.

Mot ma tran A e My(K) thoa diéu kién AKX =0 véi mot k € N nao d6 duoc goi 1a ma tran
Ity linh.

1.4.2. Tinh chét:
(i) (0)=0, V ke N
(i)  (1)<=1, Vke N
(i) A =AA VA e M"(K), Vrse N
(iv) A®=(A), VA € My(K), Vr,s e N
1.5. CAC PHEP BIEN POI SO CAP TREN DONG:

1.5.1. Cac phép bién ddi so' cAp trén dong

A ; d; =cd;
() Biéndongithanhclindongi(c € K, ¢ # 0), kyhieu A ——"—> A’
(i) Bién dong i thanh dong i cong ¢ lan dong j (c € K, i # j),

, v di=di+Cdj
ky hiéu A > A’

d;d;
(iii) Hoén vi dong i va dong j cia A véi nhau (i # j), ky hitu A ————> A’

Vidu:
1 25 2 4 10 2 4 10 2 4 10
-5 3 1|—%=24 5 3 1 d=dp2d | 1 11 21|—%2% ol 9 2 3
0 2 3 0 2 3 0O 2 3 -1 11 21

1.5.2. Dinh nghia:

Cho A, Be M x n(K). Ta ndi A tuong duong dong voi B (ky hiéu A®B) néu B c6 thé
nhan dugc tir A qua mot sé hiru han phép bién ddi so cap trén dong.
1.6. HE PHUONG TRINH TUYEN TINH:
1.6.1. Dinh nghia:

Mot hé phuong trinh tuyén tinh trén K 13 mot hé thdng gdm m phuong trinh bac nhét (n

an) c6 dang tong quat nhu sau:
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anX  FapX, oo +a,X, = b
X FauX . +a, X, = b,

*)
A X ApX, e a,X, = Db,

Trong d6 ajj € K (goi la cac hé s6 ) va cac bje K (goi 14 cic hé s6 tw do) 14 cac phan tir cho

trudce, cac xj 1a cdc an can tim (trong K).

Néu (*¥) c6 by = by = ... = by, = 0 thi ta n6i (*) 1a 1 hé phuong trinh tuyén tinh thuan nhét
trén K.

Vi du: H¢ phuong trinh

2%, +X, +X%X = 1
X\, +X +X = 4 ()
X, =X, —2X; = -3

12 mot hé gdm 3 phuong trinh tuyén tinh 3 an trén R .

Ta ndi (cy, ..., ¢y) € K" 1a nghiém cta hé (*) néu khi ta thay x; = Cy, ..., Xn = Cp Vao (*) thi

tat ca cac dang thirc trong (*) déu thoa.
Vi dy: Hé phuong trinh tuyén tinh (1) ¢6 1 nghiém 1a (1, 2, 1)
1.6.2. Dinhly:

Déi v6i hé phuong trinh tuyén tinh (*) thi chi 6 mot trong ba truong hop nghiém xay ra

1a: hoac c6 nghiém duy nhét hodc vo nghiém hoac vo ) nghiém.
1.6.3. H¢ qua:
Hé phuong trinh tuyén tinh thuan nhat chi c6 nghiém tim thudng hodc c6 vo sd nghiém.
1.6.4. Dinh nghia:

Cho hé phuong trinh tuyén tinh (¥), dat:

- TR VA a,, X, b,

Ay, Ay e a,, X, b,
A= , X= , B=

: B W A, X, b,

Ta goi A 1a ma tran hé s6, X 12 ¢t cac 4n va B cot cac hé sb tu do cta hé (*), khi do
(*)<= AX=B.

Ky hiéu:
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ay, &, . A,lb
~ a21 a22 a‘2n b2
A =(A|B)=

a‘ml am2 a‘mn bm

Ma tran A dugc goi la ma tran mo rdng cua hé (*) khi viét A = (A|B) goi la sy ma tran
hoa hé (*)

Vidu:
2 -1 1|1
1 1 1|4
1 -1 -2-3

1.6.5. Dinh nghia:

Hai hé phuong trinh tuyén tinh (c6 ciing s6 4n) duoc goi 1a twong duong nhau néu c¢6 cing

tap hop nghiém.
1.6.6. Dinhly:
Cho hai hé gdm m phuong trinh tuyén tinh n 4n trén K ¢6 dang ma tran hoa lan luot 1a

A=(AB) va C =(C|D), khi d6, néu A ©C thi hai h¢ trén twong duong nhau:

Vidu:

2 -1 1[1) o4 o (0 -3 -1-7) d=d-d (0 0 -7-7
1= Y17 U2
1 1 1|4 LJ. 1 1|4 h=d, 0; Ll 0 3|4

ds = ds—d =
1 -1 -2-3] " lo -2 —3-7) ®&=&+3k (g 1 _g g
d]_:—%d]_ (0 0 l 1
d,=d,—30, A 0 0|1
d3:d3+2d1 0 1 0 2

Do do6 hé phuong trinh da cho twong duong véi

0x, +0x, +x;, =1 X, = 1
X +0x, +0x;, =1 < 9% =1
0x, +x, +0x;, = 2 X, = 2

Vay nghiém cua hé 1a (x1, Xz, X3) = (1, 2, 1)

1.7.THUAT TOAN GAUSS VA GAUSS — JORDAN PE GIAI HE PHUONG TRINH
TUYEN TINH:
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1.7.1. Thuét toan Gauss:
Cho hé phuong trinh tuyén tinh: AX=B
Buwéc 1: Ma tran hoa h¢ phuong trinh duéi dang: A= (AlB)
Pt i:=1 va j:= 1 rdi chuyén sang budc 2
Buée 2: néu j>nhoac 1 > m thi thuat toan két thic, nguoc lai thi ta chuyén sang budc 3

Buwéc 3: néu ajj =0 thi ta chuyén sang budc 4. Nguoc lai thi ta thuc hién lan luot cac phép bién
doi

dkzdk-&di ,k:i+1,m
ij

ta chuyén sang budc 5

Buée 4: Néu ton tai kK > i sao choay = 0 thi ta thuc hién bién d6i dx <> dj r6i quay lai bude 3.
Nguoc lai thi ta thay j boi j + 1 r6i quay la budc 2

Buwéc 5: Thay i boii+ 1 vajboij+ 1rdi quay lai bude 2.
Vidu: giai hé phuong trinh
X, +2X, +5X; =-9

X, =X, +3X; =2
3x, —6x, —-X%X;, =25

1 2 5 [-9 _ 1 2 5 | -9 (1 2 5 |-9
d=dy—0dy d; =ds -4d,

1 -1 3| 2 d=d.-3d 0O -3 -2 |11 0 -3 -2|11
3— U3z = 1

3 -6 -1|25 0 -12 -16| 52 0O 0 -8 8

Suy ra (X1, X2, X3) = (2, -3, -1).
1.7.2. Thuét téan Gauss — Jordan:

Néu ta thay budc 3 trong thuat toan Gauss boi budc 3’ manh hon thi thuét toan thu duoc
goi la thuat toan Gauss — Jordan.

Buiée 3° Néu ajj =0 thi ta chuyén sang budc 4. Nguoc lai thi ta thuc hién lan luot cac phép bién
doi.
a,:
di=—di; de= k—d—k' , Vk =i
ij i

101 chuyén sang budc 5.
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Néu ma trén thu duoc cudi cing trong thuét toan Gauss — Jordan ¢6 dang (A’|B’).  Thi

A’ duogc goi 1a ma trén rat gon theo dong timg bac cua A (hay ma tran rat gon), ky hiu Ra

Vidu:
1 2 7 1 0 3
B=|-2 1 -4/, -5 |0 1 2|=Rg
1 -1 1 O O O

1.7.3. Dinh nghia:

Cho A€ Minxn(K) c6 ma tran rat gon theo dong timg béc 1a Ra, khi d6 s6 dong khac 0 ctia
Ra duoc goi la hang cua A, ki hi€u r(A).

Vi du:
1 O 3
Re=|0 1 2 |=>rB)=2
O 0O O

1.7.4. Ménh dé:
i) r(Ra) = 1(A)
i) 0 < r(A) < min{m,n}
iii) r(A) =0<=>A=Omnxn
1.7.5. Dinh nghia:

Néu ma tran trén K c6 cac dong khéc 0 ndm bén trén cac dong 0, dong thoi trén 2 dong
khéc 0 thi phan tir khac 0 ddu tién ctia dong dudi nim bén phai phan tir khac 0 dau tién cua dong

trén, thi ma tran d6 dugc goi 1a ma tran bac thang trén K.

1.7.6. Dinh nghia:
Ma tran bac thang B dugc goi 1a dang bac thang ciia A néu B ® A.

1.7.7. Ménh dé:
Hang ctia ma tran bac thang bang s6 dong khéac khong ciia no.
1.7.8. PDinh ly: (Kronecker — Capelli)
Heé phuong trinh tuyén tinh AX=B c6 nghiém néu va chi néu r(A) = r( A)

1.7.9. Dinhly:
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Néu A = (A|B) 1 dang ma trén hoa ctia hé phuong trinh tuyén tinh AX=B thi r( A )=r(A)
hoac r( A )=r(A) + 1. Hon nira,

() Néur(A)=r(A)+ 1 thi hé v6 nghiém
(i) Néur( A )=r(A)=n thi hé c6 nghiém duy nhat
(iii) Néu r( A)=r(A)<n thi hé c6 vd s6 nghiém véi bac tu do n— r(A).
1.8. MA TRAN KHA NGHICH
1.8.1. Dinh nghia:

Mot ma tran cip n trén K nhén dugc tir I, qua duy nhat mot phép bién ddi so cap trén dong

duoc goi 1a mdt ma tran so cap.

Vi du:

|3:

o O -
o+~ O
, O O
o oM
o - O
= O O

1.8.2. Dinh nghia:

Cho A e Minxn(K). Ta n6i A kha nghich trai néu ton tai B Mpxn(K) sao cho BA = I, (khi
d6 B dugc goi 1a nghich ddo trai cia A). A dugc goi 1a kha nghich phai néu ton tai C € Muym(K)
sao cho AC = I, (khi d6 C duogc goi 1a nghich dao phai ctia A).

Cho Ae My(K) . Ta ndi A kha nghich néu ton tai B e My(K) sao cho AB = BA = I,,, khi d6
B dugc goi 1a ma tran nghich ddo cua A.

1.8.3. Mgénh dé:
Cho A, Be My(K), khi d6
(i) Néu A c6 mot dong (hay mot cot) bang 0 thi A khong kha nghich
(i) Ma tran nghich déo ciia A (néu c6) 1a duy nhét va duoc ky hiéu boi A™

(iii) Néu A kha nghich thi A™; AT; cA (¢ #0) cing kha nghich va hon nita
(A=A (A = (A () = ~ A
C
(iv) Néu A va B cing kha nghich thi tich AB ciing kha nghich va (AB)* = B*A*
1.84. Dinhly:

Cho AeMy(K) va A kha nghich (<=> A ® |,)) khi d6 nhiing phép bién doi so cap trén

dong nao bién A thanh I, thi ciing chinh chiing (theo thtr tw d6) s& bién I, thanh A™
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Hay noi cach khéc,

néu A—4 >N —2 %

v

>A =1,

thi |, —4 B —*2 %

v

>B, = A"

Nhu vdy dé tim A™ ta thanh 1p ma trdn mé rong (A[l,) va ding cac phép bién dbi so cap
trén dong thich hop dé dua A vé I, Khi d6 ma tran tuong tmg bén phai vach “|” chinh 1a A™

Vi du: Tim ma tran nghich ddo ciia ma tran

1 3
1
1

A~ N

-7
Thanh 1ap ma tran mo rong:

1

3 1

All)=| 2 i Z ; (i 8 G:=0: 20 5 -12|-2 8 kL N
( |3)_ d;=ds;+ 7d; B B B dp = -dz
-7 1 4|00 1 0 22 53 1
13 7/ 1 00 d2:d2_2d3(1 37110 0 g oy
05122 -10 ® 1 2| 4 -9 -2 >
d3:d3-2d2
02 5/-1 41 02 5[-1 4 1
0 1|-11 27 6 100-2 5 1
d1:d1—d3 1
1 2] 4 -9 —2————0 1 0|22 -53 -12|=(A")
0 1| -9 22 5J2'2'3L001—9 22 5
-2 5 1
VayAl=|22 -53 -12].
-9 22 5

1.9.UNG DUNG MA TRAN NGHICH PAO PE GIAI PHUONG TRINH MA TRAN

1.9.1. Ménh dé:

Cho Ae M(K), X v B Mi(K). Khi d, néu A kha nghich thi phuong trinh AX=B ¢6

nghiém duy nhit X=A"B.

1.9.2. Ménh dé:

Cho Ae My(K), X va B € M xn(K). Khi d6, néu A kha nghich thi phuong trinh XA=B c6

nghiém duy nhit X=BA™.

1.9.3. Ménh dé:
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Cho Ae My(K), Ce My(K), X&Mpxn(K), B& Mnyxn(K). Khi d6, néu A va C kha nghich
thi phuong trinh AXC=B c6 nghiém duy nhat X=A"'BC™

Vidu:

s 50

Taco: X=A'B

veiat= 1% %) ox
2\5 -3

|

4
5

-2
-3

|

-1 2
-5 6

|

|

3
5

—2
—4

|
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< BAI TAP CUNG CO

1.1 Cho 2 ma tran:

2 1 -1 -2 10
A= ,B=
01 -4 -3 2 2
Tinh 3A+2B; A" A, AA'.

1.2 Cho

2 -5 1
A= , B
(3 0 —4]

o 1 -2
C=
(1 -1 —J

Tinh 3A +4B -2C

1 -2 -3
0 -1 5

1.3 Timx,y, zva w, néu

3xy=x 6+4x+y
z w) (-1 2w z+w 3

(Hudng dan: So sanh hai ma tran dé dua ra hé 4 phuong trinh bac nhat va tim nghiém ctia h¢)

5 -2\ . 1 2
14.ChoB= va C=
4 7 6 -3

TimA= (X yJ sao cho 2A =3B -2C
Z W

1.5 Cho cac ma tran

2 1 -1 1 2 0
A=|3 4 2|B=|4 5 3
5 -2 3 2 -3 1
1 3 1 2 1 0
C=|2 0 4| D=|1 -1 2
1 1 3 3 2

a) Tinh2A +3B,3A-4C,B+2D
b) Tinh AB-BA, AC-CD,CD-DC, AC+BD

1.6. Tinh tich cac ma tran:
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1 -3 2\(2 5 6 5 8 -4\(3 2 5
a)|3 -4 1|1 2 5; |6 9 -5(|4 -1 3
2 -5 3){1 3 2 4 7 -3){9 6 5
6
50232 1 0 2\(-11 2 2
c)41537; A2 -1 3[|-4 0 1
31-12 4 1 8 6 -1 -1
4
0 01
-1 -1
1 1 2 4
e) 2 2
2 2 3 1
1 1
3 3 4
010
1.7.ChoA=|{0 0 1|.Tinh A% A3
0 0O

1.8. Tinh A",n e Nvéi:

2 -1 1 «o
— . - . —(a B).
@A=| j (b) A [O j © A (O j

[21

11 1
A=|1 1 1}; ©A=|0 1 1;
1

111 00
110 10
HA=|0 1 1|; (9A=|0 O
001 10

(Hudng dan: Tinh A% A%, ... rdisuy ra A")

1.9. Tinh AB — BA néu

1 2 2 -3
(@ A= ; B=

4 -1 ~4 1

2 3 1 1 21
(b)A=|-1 1 0 |; B=|0 1 2

1 2 -1 311
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11
©A=|0 1
00

N
w
11
o o
o ~N U
~N o1 w

1.10. Tinh AT A va AAT ctia ma tran A sau:

(a)A:(l 2 1 3j

4 -1 5 -

-1 1 -1 1 -1
0 A=|2 0 2 0 2
0 -2 0 -2 0

1.11. Tim tat ca cac ma tran cap 2 giao hoan voi ma tran:

Ao (T 2). neo(l 2
o) el

(Huéng déan: Tim tit ca cac ma tran C € My(R) sao cho AC = CA)
1.12. Tim tit ca cic ma tran cip 3 giao hoan v6i ma tran:

1
-2
2

1.13. Giai cac hé phuong trinh tuyén tinh sau bang phuong phap Gauss-Jordan:

2x, + X, — 2x; = 10
(@43%, + 2x, + 2x; = 1
5X, + 4X, + 3X; =

X, — 2X, + X, = 7
0 2x, - x, + 4x, = 17
3%, — 2X, + 2X; = 14

XX, — 2X, + X3 = 3
(€)42%x, + 5x, — 4x;, = 5
3x, + 4x, + 2%, = 12
2X, + X, - 3, = 3
(d) 45, + 2x, — 6%, = 5
3%, - X, = 4x, =7
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)

2%,
3X,
95X,

(f) 12x,

()

(h)

(i)

)

(k)

1.14. Giai cac hé phuong trinh tuyén tinh thuan nhét sau:

@)

(b)

3X%,

3%,
9%,

2%,
3X,

Xl
2%,
3X,

Xl
2%,
9%,

+ X
+ 2X,
+ 4x,
+  2X,
+ 5X,
+ 8X,
+ 2X,
— X2
+ 3X,
- 95X,
- 7X,
- 10x,
+  2X,
+ 5%,
+ 12x,
XZ
X, —
X, +
X2
+ 2X,
+ 2X,
+ X
+ 3%,
+ X,

2X,
95X,
2X,

X2
3X,
X,

13x,

2X4
+  2X,
4x,

+ 3X,
+  2X,
5X,

3X,
2%
7Xq

+ o+ o+

= 8

= 15

=1

=1

= 4

= -1

= 7

= 2

+ 2x, = 4
4x, = 9
X, = 22

+ 4x, = 2

+ x, =1

+ 6Xx, =7
= 7

X, = 95

X, = 6

X, = 10

= 14

= 10

= 6

= 5

= 3
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©)

(d)

)

(f)

@

(h)

+ + +

2X, + X
X, — X
3X, + 2X%,
2X, — O5X,
3X, + X

2X,

X, — 4X,

X, — 3X,
2X,

X, + X
3X, — 4x,
3X, — 2X,
X, + X
X, — X
3X, — 4X,

9X, 4+ IX,
11x, + 2x,

2X, + 3X,

X, + X
2X, + X

X, 4+ 3X;

+ X

X2

X X X X
[

S

+ 8X,

+ 4x,

+ 4x,

+ X,
+ X,
+ 5X,

1.15. Xac dinh hang ctia cdc ma trau sau:

@)

©)

e )

W oR

-2

5

w N

(b)

(d)

O O O o

o O O O

o O O O

o O o o

o O O o

N P

w N

N B W

o O O
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1.16. Tim va bién luan hang cta cic ma tran sau:

1 1 -3 A 514 -2
@2 1 m |24 A4 104
1 m 3 -1 -2 -3
31 1 4 a 0 0 b
A 4 10 1 b a 00
(c) (d*)
1 7 17 3 0 b ayo o
2 2 4 1 0 0 b a

1.17. Cho h¢ phuong trinh:

XX + X, = X =1
2x, + 3%, + kx, =
X, + kx, + 3x;, = 2

Xéc dinh trj s6 k sao cho
) hé c6 mot nghiém duy nhét.
i) hé khong c6 nghiém.
iii) hé ¢6 v6 sb nghiém

1.18. Cho h¢ phuong trinh:

kKx, + X, + X,

X+ Kkx, + X,
X + X o+ kx

Xéc dinh tri s6 k sao cho:
)] hé c¢6 nghiém duy nhat.
i) hé khong c6 nghiém.
iii) hé c6 v6 s6 nghiém.

1.19. Cho h¢ phuong trinh:

5X, — 3X, + 2%, + 4x, =
4%, - 2%, + 3X; + IX, =
8x, - 6x, — X, — 5X, =
X, — 3X, + TX; + 17x, =

Xéc dinh tham sb 4 sao cho:
) hé vo nghiém.

i) h¢ c6 nghiém va gidi tim nghi¢m.

N O P W
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1.20. Cho h¢ phuong trinh:

3X, + 2X, + 5X, 4x, = 3
2X, + 3X, + 06X, 8x, = 5
X, - 6x, — 9x, 20x, = -11
A, + X, + 4X, X, = 2
Xéc dinh tham sb A sao cho:
)] h¢ vo nghi¢m.
i) h¢ c6 nghiém va gidi tim nghi¢m.

1.21. Bang phuong phap Gauss — Jordan, hay tim ma tran nghich dao ciia cdc ma trén sau:

1 0
@ A=|2 -1
4 1

2 5
(c)A=|6 3
5 -2

1 1

1 1
e) A=
(e) 1 1

1 -1

1.22. Giai céc phuong trinh ma tran
1 2 3 5

@) X =
3 4 59
3 -1 5 6

(c) X
5 -2 7 8

3 -2
ol 3

1 2 -3

2 -1 0

2
3
8

-
4
-3

1
-1
1
-1

1

-1
-1

1

|

-1 2
-5 6

|

1
|3 2 -4|x=10
10

]Z

-3

14 16
9 10

0
7
8

1 -2

(b) A=2 -3
1 1
13 -8

d) A=|12 -7
6 —4
111
010

A=

® 11 2

2 2 4

2
6
7

12
-12
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1 2 -2

e|3 2
2 -1

—4|X=|6

0

13 -8 -12
M X|12 -7 -12
6 -4 -5

3 1

0) (1

EQE

1

@|-1 -1 2|X|1 1

1 1

1.23. Giai cac hé phuong trinh sau bang phuong phap ma tran nghich dao:

@)

(b)

(@]

x
i

+

©)

N
H><
+ + + +

1) (1

3X, +
X, +
S5X, -
8X, +

9X, —
2X, +
8Xx, -
4x, +

2X, —
3x, -
5x, —
3x, -

-1

4x,
8%,
X
3%,

3X,
SX,4
X3
SX,4

co o1 N

1

-1
-1

+

+ 4+ o+ +

0 0 1
=11 0
01 -1

5, = 9
2x, = 18;
33X, = -5
4x, = -2
2x, = 12;
3x, = 21,
59X, = 40;
3x, = 41.
X, = 4
2X, = 6
4x, = 12
2x, = 6.
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Chuong 2
PINH THU'C

% Muc tiéu hoc tip: Sau khi hoc xong chuong nay, ngudi hoc co thé:
- Tinh dinh thac 7 ’
- Ung dung dinh thirc dé giai hé phuong trinh tuyén tinh

2.1. HOAN VI

Cho tap hop X # & gdm n phan tir (ta c6 thé dong nhat X ={1, 2, ..., n}). Dat S, 1a tap
hop tat ca cac song anh di tir X vao X. Khi d6 S, c6 dang n! phan tir.

MG&i phan tr o € S, duge goi 1a mot hoén vi hay mot phép thé trén tap hop X va né c6 thé

duoc biéu dién bdi mot ma tran loai 2 x .

1 2 3 ... n
o= ,
ol o(2) o) .. o)
trong d6 & dong thir nhat, cc phan tir ctia tap X dugc sip xép theo mot thir ty nao d6, dong thir
hai gdm anh ctia cac phan tir tvong tmg & dong thir nhit qua song anh o .
Vi du:

Hoan vi o € Sz xéac dinh boi o (1) =2; o (2) =3; o (3) =1 c6 thé dugc mé ta nhu sau:

1 2 3 1 3 2
o = =
2 31 2 1 3
2.1.1. Dinh nghia:

Cho X ={iy, ip, .., i} {1, 2, ..., n}. Néu o e S, thoa o (1)=iy; o (i)=i3; ... ; o (ir)=iy;
o(i)=iiva o () =], V]je Xthitandi o la mdtr— chu trinh (hay mét chu trinh dai r), va ky

hiéu boi o =(iy iz ...1p).

Vidu:

1 2 3
o= co chutrinhla o=(12 3)
2 31

1 2 3
r= cé chutrinhlar=(13).
3 21
2.1.2. Dinh nghia:
Hai chu trinh (iy ... i) V& (jz ... js) duoc goi 1 roi nhau néu {iy, ..., i} {j1, ..., js} = @.

2.1.3. Dinhly:

Tai lidu gidng day mdn Pai s6 tuyén tinh 24




Moi hoén vi o # e déu duoc phan tich thanh tich cac chu trinh rdi nhau.
Vi du:

1 2 3 456
6 41 2 5 3

J: (163)(24).
2.1.4. Dinh nghia:
Cho & € S,. Ta noi rang (i, j) tao thanh mot nghich thé déi voi o néu

(i-Nlo()-o@®<0.

Néu sb cac nghich thé dbi véi o 13 k thi ddu ciia o (ky hiéu sgn( o)), 1a mot ham duoc
dinh nghia boi sgn( o) = (1)~

Néu sgn(o )=1thi o duoc goi 1a hoan vi chin, néu sgn(o) = -1 thic duoc goi 1a hoan
vi 1é.
2.2. PINH THUC CUA MA TRAN VUONG
2.2.1. Dinh nghia:
Cho A = (aj) € My(K). Binh thtrc ctia A (ky hi¢u |A], hay det(A)) la mét phan tir trong K

duoc xac dinh boi

A=Y sgn(o)a,, a,, .8, vsi(oi= o).

Dinh thirc cia mot ma tran vudng cap n trén K thuong duoc goi 1a mot dinh thic cip n.

- Pinh thirc cip 2:
8, &, ma s
= anadx —apan

dy; 8y

- Pinh thtic cap 3: (tinh bang quy tic Sarruss)

£ R A A

cotl cot2 cOt3cotl cot2
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; d, a;
Ay, Ay, Qy = (A1820833 + 12823831 + A13321832)
a3, 43 Ay

- (Az1820813 + Az0823811 + 833821812)

Vi du: Tim dinh thirc cua ma tran

4 1 2
A= 12 3 1|eM,(K), Taco|A|=(434+115+221)—(235+411+1.2.4)=15
5 1 4

2.3. TINH CHAT CAN BAN CUA PINH THUC
2.3.1. Ménh dé:
Néu A e M, (K) thi det(A) = det(A").
2.3.2. Ménh dé:
Néu A € M, (K) c6 it nhat mot dong 1a dong 0, thi det(A) = 0.
2.3.3. Ménh dé:
Cho AeM, (K), néu A’ nhin duwoc tir A bing cach doi chd 2 dong i=j thi
det(A')=—det(A).
2.3.4. HE¢ qua:
Néu 2 dong ciia A € M, (K) ¢6 cac hé sb twrong tmg bang nhau thi det(A)=0.
2.3.5. Ménh dé:
Néu nhan mot dong ctia A € M, (K) v6i mot phan tir c € K thi det(A) ting 1én ¢ 1an.
2.3.6. HE qua:
Néu hai dong ctia A € My(K) ¢6 hé sb twong tmg ti 18 nhau thi det(A)=0.
2.3.7. Bodé:
Cho A = (aj) €M, (K) néu cic phan tir dong i ciia A c6 dang a;; = bj + ¢j, j = 1,n,thi
det(A) = det(B) + det(C)

v6i B, C 1a nhitng ma trén c¢6 dugc tir A bang cach thay dong i clia A bdi cac gia tri bj va ¢j tuong

ung.

2.3.8. Ménh dé:
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Cho A € M, (K), néu A’ ¢6 duogc tir A qua phép bién ddi so cap trén dong loai (ii) thi det
(A)=det (A’).

2.3.9. HE qua:
Néu A eM, (K) c¢6 duoc tir A € M, (K) qua mot s6 hitu han phép bién ddi so cap trén
dong loai (ii) thi det( A") =det(A).
2.4. CAC PHEP BIEN POI SO CAP TREN COT:
() Nhéancoticua Avéice K(C#0), ky hibu A ——"—> A’

€ =C;+CC;

(i) Thay ddi i ciia A thanh cot i cong ¢ lan cotj,c e K1 # j,kyhiftuA ———>A’
€ C;
(ilf) Hoan vi cot i va cdt j cua A vdinhau (i # j), ky hiéu A — Ty A
2.5. CONG THUC KHAI TRIEN PINH THUC:

Cho Ae M, (K) , ky hidu A(i[j) 1a ma tran c6 duoc tir A bang cach “xo4 bo” dong i va cot
jcua A

Vi du:
1 2 3
A=|4 5 6
7 8 9
1 2
1 2
AP3) = =[7 8)
7 8

25.1. Bb dé:

Cho A= (a;)) € My, (K), néu tn tai i, j , sao cho ax = 0, V k # j thi det A = (-1)™ a; det (A(i[j))

Vi du:

1 0 2

20b3 028 2
a

=-d 0 b 0] =(d) = abcd.
3 ¢c 45 b 0
c 45
d 00O

2.5.2. Dinh nghia:

Gia sir A = (a;)) € My (K). Vi mdi i, j, phan tir ¢ = (-1)' 1 det(A(i[j)) duoc goi 1a phin bu

dai s cua ajj.
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2.5.3. Dinhly:

Gia stt A = (aj) € My (K). Vi mdi i, j dat cj 1a phan bu dai s6 cua ajj.

Khi do det (A) = 2. 8pCoin VP, (1)
=1

- Zaiqciq NG (@)
i=1l

Cong thirc (1) duoc goi 1a cong thirc khai trién dinh thirc theo dong p va cong thirc (2)
duogc goi la cong thure khai trién dinh thuc theo cot qcua A.

Vi du.
4 -1 2
ChoA=|-2 3 1 Khi d6
-5 1 -4
3 1 -2 1 -2 3
Cu= =-13; Cp=- =-13; Ciz= nén
H ‘1 —4‘ 2 ‘—5 —4‘ b ‘—5 1

Det (A) = a11C11 + a12C12 + a13C13
=4(-13) + (-1)(13) + 2.13=-39
2.5.4. HE qua:
Néu A = (@) € M (K) 1a mét ma tran tam giac thi Det (A) = 81182 .... @m
2.6. PINH LY LAPLACE:
2.6.1. Dinh nghia:

Cho A = (a;j) € My(K). Chon trong A cac dong i, ..., ik, (1<i1 <... <ix < n) va cc cft jy,
e jo (1<j1< ... <jk<n). Ky hiéu A(iy, ..., ilj1, ... j) 1a ma tran c6 duoc tir A bang cach “x6a

bd” cac dong va cac cdt trén. Khi do

ISR ' PO W
M = det ai§11 aizzjz aizzjk
&5, &, &, j,

duoc goi 1a mdt dinh thirc con cép k ctia A sinh boi cac dong i, ..., ik va cac ¢t j1, ..., jk;

M = (=2) Gt H st 5 et (A, i | Juyeens o)) GUOC 201 12 phén bu dai s6 ctia M.
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2.6.2. Bb dé:

Cho A e My(K). Tich ctia mot dinh thtrc con cép k v6i phan bu dai s6 ciia n6 c6 dang cua
K!(n —Kk)! tich trong det(A).

2.6.3. Dinh ly (Laplace)

Cho A € My(K). Chon trong A cac dong i; < ... <ix. Khi do

Det(A)= ) MM,

J1<<lk

trong d6 M 1a dinh thirc con cip k ciia A sinh boi cac dong iy, ..., ik V& CAC cOt ja, ..., ji; M 13

phan bu dai s6 ciia M.

Vidu:
0 3 05
2 311 2 . N
|A| = , khai trién theo dong 1 va dong 4.
11320
0 4 05
0 3 2 10 03 1 a0 53 1 a3 02 12
|A|:(_1)l412 +(_1)1413 (_1)1414 (_1)1423
0 43 0 0 01 O 0 51 3 4 011 O
3 512 1 0 512 3 3 512 1
+ _1 1+4+2+4 _1 1+4+3+4 — _1 1+4+2+4 — _1 _5 5:25
=D 45”13‘() 05“11‘() 45”13‘()()

2.7. PINH THUC VA MA TRAN KHA NGHICH:
2.7.1. Bbdé:
Néu A, S € M, (K) va S 1a mot ma trén so cap thi det (S.A) = det (S) det (A) va det(S) =0
2.7.2. Dinhly:
Cho Ae M, (K). Khi d6 A kha nghich néu va chi néu det (A)# 0.
2.7.3. Dinhly:
Néu A, B € M, (K) thi |A.B| = |A||B].
2.74. HE qua:
Néu A, Ay, Ay, ..., Ak € M, (K) thi
(i) JAA ... Ad = |AA] ... |A
(i) JA"=]A",V me N

(i) Néu A kha nghich thi |A™| = |A]?
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2.7.5. Dinhly:
Cho A = (a;) € Mn (K), v&i mdi i, j dit cij 1a phan bu dai s6 ciia a;; va C = (Cij) € Ma(K).
Khi do:
AC =C'A=All,
Suy ra, néu A kha nghich thi A™ = |A]'CT
Ma tran Cc’ trong dinh 1y trén dugc goi 1 ma tran pho cia A, ky hi€u adj (A) .

Vidu:

111
A=|1 2 3], |A=2 % 0nén A kha nghich
1 4 9

Ta co:
2 3 6 3 6 2 ,

Ci1 = =0, Cio = - = -0, Cir = =2,
11 4 9 12 9 13 4
c—11—5 c—11—8 0—11—3
21 4 9 ) 22 1 9 ) 23 1 4 )
oo = 11 _1 oo = 1 1 ’ c n1 _1
31 — 2 3— ) 32 — 1 3— ) 33—1 2 -

Cy, €, Cpj 6 -6 2 . 6 -5 1
Clc,, ¢, Cu|=|-5 8 -3 :>A'1:E -6 8 -2

Cy Cs Cug 1 -2 1 2 -3 1

2.8. PHUONG PHAP CRAMER PE GIAI HE PHUONG TRINH TUYEN TiNH:

Cho mot hé gdm n phuong trinh tuyén tinh n an trén K

X FanX+ ... +a.x, =b
X, +a,X+ ... +3,X, =b, *)
auX Fa,X,+ ... +a,X, =Db,
&1 Ay . Ay b,
a, a, .. a

D'cit A — 21 22 2n ’ B — 2
ay, &, .. a, b,
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Véimdij=1n tagoi Aj lama tran c6 dugc tir A bang cach thay cac phan tir cot j ctia A
boi cac phan tir cia cot B.
2.8.1. Bo dé:
Néu (cy, ..., Cy) 1a mot nghiém cua hé (*) thi |Alg; = A, Vj=1,n
2.8.2. Pinh ly:
V6i hé phuong trinh tuyén tinh (*)

|Al
|Al

(i) Néu|A| = 0 thi (*) c6 nghiém duy nhat X = (x, X, ... , Xn) , v6i x; =

(i) Néu|A|=0vatontaij e {1,2,....,n} sao cho |Ajl # O thi (¥) v6 nghi¢m
(iii) Néu|A|=0va|A]=0, Vj=1n thi (*) khong c6 nghiém duy nhét

(trong triwong hop ndy néu muon biét hé vé nghiém hay vé sé nghiém thi ta phdi ding

phirong phép Gauss — Jordan dé gidi lai)

Vi dy: Giai va bién luan (theo tham s m) hé phuong trinh tuyén tinh:

X, + 2X, + 2X, =0
-2+ (M-2)x,+ (M-5x, =2
mx, + X, + (m+Dx, =-2

H¢ phuong trinh trén c6 dang AX =B véi

1 2 2 X, 0
A=|-2 m-2 m-5|;X=|x,|;B=| 2
m 1 m=1 X3 -2

Khi 6 [A] = (m-L)(m-3); |Ad] = 4@-m); |Ad = 0 va |Ag = 2(m-3)

eNéu|A| # 0(< m = 1vam # 3) thi hé c6 nghiém duy nhét 13

_M_ 4 . _|A2|:O;X3:H_ 2

- 1X2_ -
Al @-m) A A m-1
e Néum=1thi]A|=0va|A] =8 # 0nénhé vo nghiém .
e Néum=3thi|A|=0va|Ay = |As =|Ag =0

Khi d6 ta giai tryc tiép hé bang phuong phap Gauss. Trong trudng hgp nay hé tré thanh
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X, + 2X, + 2Xx;, =0
-2X, + X, - 2X; =0
3, + X, + 4x; =-2

X, tuyy
Hé co vo sdnghiém => {x, = 3x,-2
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BAI TAP CUNG CO

*
°

2.1. Tinh cac dinh thirc cAp 3 sau trén IN.

—3.

.- o)
- o — .
<t ~ 4 ™
N D © © N N
_ M o0 o
n
™M N O N~ N O O |
~ = ~—~
2 S e <
.- < o .-
— < [ ™ ™M .-
| | ™
— ™ |
— 1 ™ (R N N WD
| | N ™M
N ©
N o - | A < o < 0
< < ) >
N N N p

2.2. Tinh c4c dinh thtrc cap 4 trén R

<+ ™o
.- - o T o™ .-
— 9 9 ™ S 4 N™ [ S
M < - N — O «d -
- - M o 21A__.3
- M A - N M - — O
N
M A A — N ™ < — 0 o0 o d 4 O
—~ = —~
= S > <
- OO o < © X .-
X > N = < ¥ a3« — © S © 4
— N A m oS dHmo g O« A -
N — N ™ < — N < — 4 < 0©
N A A e e | A A A - 4 d O O
< o @ =
N N N N

4 3 1 1

M2 o o 5

01 1 1

1 0 0 3
1 2 3 4

1 a 0 c

1 b ¢ O

33

Tai lidu gidng day mdn Pai s6 tuyén tinh



2.3. Chimg to rang cac gid trj dinh thirc sau bang 0.

a+b ¢

@lb+c a 1; (b)
c+a b
X p ax+bp

© |y q ay+hbq; (d)
Z r az+br
1+2a 2 a x
1+2b 3 b x

e ;

(€) 1+42c 4 ¢ X M
1+2d 6 d X

2.4. Tim ma tran pho cta cac ma tran sau:

3
6
9

@)

o o1 N

A~ W

©)

N

3 -4
-3
-5

N

)

w

710; (b)

1

2|; (d)
5
1; (f)
-1

2.5. Tinh cac dinh thirc cip n sau trén R.

a+l a, N
a a, +1
(a) 1 2 n ,
al a2 an +
1 1
al 2 a3 n
2 2 2
© |a S
n-1 n-1 n-1 n-1
al a'2 a‘3 a‘n

ab a®+b?
bc b?+c?
ca c’+a’
sina cosa
sinfg cosp
siny cosy

a b

b c

c a

(a+Db)?
(b+c)?|;
(c+a)?

sin(a + 0)
sin(B+6);
sin(y +6)

c 1
a 1
b 1

2

c+b b+a a+c

3 -4
-4 2|
1 -1
2 5 7
3 4
-2 -3
11 11
0111
001 1|
0 0 01
1 3
-1 0 3
-1 -2 0
-1 -2 -3
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2.6. Hay tinh cac dinh thuc sau trén R va cho biét khi ndo ma trén twong tmg kha nghich?

@)

©)

)

()

a‘ a
a 1 a°;
a? a 1
-1 x X
X =1 Xx|;
X x -1
a 1 11
b 01 1]
c 1 0 1
d 1 10
a a a a
a b b b
a b c ¢
a b c d

(b)

(d)

(f)

(h)

a-b+c
b-c+a

c—a+b

o T 9 O
o O O 9
QD O O T

o X X
X T 9 X
xX Q@ T X

X+2 2Xx+3
2X+3 3x+4 4x+5
3x+5 5x+8 10x+17

3x+4

a-b b+2a+2c
b—-c c+2a+2b;
c—a a+2b+2c

o v T O

D X X T

2.7. Tim ma tran nghich dao ctia c4c ma trén sau bang cach ap dung cong thirc dinh thuec.

@)

©)

)

2 3 4

5 6 7];

8 9 1

2 3 -4

0 -4 2 |;
-1

1 1 1 1

1 1 -1 -1},

1 -1 0 O

0O 0 1 -1

(b)

(d)

(f)

2 3

3

5 7
3 21
4 5
2 1 4
1 1
1 1
1 -1
1 -1

-1

-1 1

2.8. Khi nao cac ma tran sau kha nghich va tim ma trdn nghich ddo cia né luc do.

@)

©)

1 a bc
1 b cal;
1 ¢ ab

1 -3
3 -7
-m 2m

m+5|;

(b)

(d)
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2.9. Giai cac hé phuong trinh sau bang cach ap dung quy tic Cramer.

X, + X, — 2% = 6
@<2x, + 3x, — 7x; = 16

9%, + 2%, + X; = 16.

7%, + 2X, + 3X; = 15
() 15%x - 3x, + 2x; = 15

10x, - 11x, + 5%, = 36.

X, + X, + 2X; = 1
) <2x, — X, + 2%, = 4

4%, + X, + 4x, = 2.

3%, + 2X, + X3 = 5
(d)92x, + 3%, + X, = 1

2x, + X, + 3x;, = 1L

X, + X o+ X o+ X, = 2

X, + 2X, + 3X; + 4x, = 2
© 2%, + 3X, + 5% + 9%, = 2

XX + X, + 2% + 71X, = 2

XX + X o+ X + X, = 5

X 4+ 2%, — 3X; — 4x, = -1
® 2%, + 33X, — 2% + 3x, = 8§

X, + X, + 3, - 4x, =

XX + X + X + X, =5

X, + 33X, + 3, + 4x, = 3
© 4, + X, + 2X3 + 3X, = T,

3%, + 2X, + 3X; + 4x, = 2

2X, — X, + 3X; + 2X, = 4
() 3% + 3X, + 3X, + 2X, = 6

3% - X, = X3 - 2X, = 6

3% - X, + 3% - X, = 6.

2.10.Giai va bién luan (theo tham s6 thuc) cac hé phuong trinh sau:

mx, + X, + X, = 1
@<x + mx, + X, = m
2

XX\ + X, + mXx; = m
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ax + X, + X = 4
@x + bx, + x5 = 3
X 4+ 2X, + X = 4
x + ax, + a’x, = a%
€)% + bx, + b’x, = b’
x + &, + c’x, = c’
X, + (Mm-=-1)x, - 3X,
d) 32x, - 4x, + (4m-2)x,
3 + (Mm+)x, - 9x,
mx, + X, + X3 + X,
X, + mMX, + X5 + X,
© X, 4+ X, + mMX; + X,
X, + X, + X3 + X,

=

3

3 3

N
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Chuong 3
KHONG GIAN VECTO

% Muc tiéu hoc tip: Sau khi hoc xong chuong nay, ngudi hoc co thé:
- Tim co s& cho khong gian vecto va khong gian con

3.1. KHAI NIEM KHONG GIAN VECTO
3.1.1. Pinh nghia

Ta ndi tap hop V 1a mot khong gian vecto trén truong K hay mét K- khong gian vecto,
néu V dugc trang bi mot phép toan dai sé ( goi 1a phép cong), ky hiéu (+) va mot phép nhan vo

hudng, ky hiéu (.) thoa man céc diéu kién sau:
1) Tinh giao hoan cta phép cong:
V(xy) e VA X+y=y+X;
ii) Tinh két hop ctia phép cong
Y (xy.2) € VP, (x+Y) + 2= X+ (y +2);
iii) Ton tai trong V mot phan tir khong, ky hiéu 1 0, thoa méan
VXxeV,x+0=x;
iV) VX eV, ton tai mot phan tir dbi, ky hiéu1a —x, thoaman X+ (-x)=0;
V) Vixy)e Vi VaeK a(X+y)=ax+ay;
Vi) VxeV,V(a,B)e K, (a+pB)x=ax+ X,
Vi) Vx e V, ¥ (a,8) € K, a(fX) =(af)X;
viii) Vx € V,1x = x.

ChG y: Cac phan tir cia V duge goi 13 cac vecto va dugce ky hiéu boi chir la tinh nho
X,¥,Z,....Cac phan tir ctia trudng K duoc goi 13 cac vo hudng va duoc ky hidu bai cac chit Hy Lap

3.1.2. Tinh chat:

(i) VxeV,0x=0,trongdo 0 & vé phai la vecto khong, con 0 & vé trai 1a phan tir khong
cua truong K.

(i) VxeV,-x=(-1)x
(i) vxeV,VaeK -(ax)=(-a)x=a(X)

(v) «.0=0
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(v) Néu ax=0thihoic & =0hoicx=0

vi) oxX=pXX#0=>a=p
ox=ay,a#0=>x=y
Vidu:

Goi C[a,b] 1a tap hop tat ca cac ham sb lién tuc trén doan [a,b]. Pinh nghia cic phép toan
trong C[a,b] nhu sau:

Néuf,g € C[ab], @ e Rthi (f+g)(t) =f(t) + g(t), Vt € [a,b]
(af)t)= af(t), Vt e [ab]
Cla,b] la mot khong gian vecto trén R
3.2. KHONG GIAN CON
3.2.1. Dinh nghia:

Cho V 1a mot K — khong gian vecto va W 1a mot tap con khéac rong cia V. Khi d6 W duoc
goi 12 mot khong gian con ciia V néu W 13 mot K — khong gian vecto img v6i nhitng phép toan
(+) va () cia V khi ta han ché chang 1én W.

3.2.2. Pinhly:

Tap con W # O cta khong gian vecto V 1a mot khong gian con cia V khi va chi khi cac

diéu kién sau day duoc thoa:
(i) Y(xy)eW x+yeW,
(i) Va e K, VxeW, axe W.
3.2.3. Dinhly:
Giao ciia mot ho bat ky cac khong gian con ctia V 1a mot khong gian con ciia V.
3.3. SUPHU THUQC TUYEN TiNH VA POC LAP TUYEN TiNH:
3.3.1. Dinh nghia:

Cho V 1a mot khong gian vecto trén truong K va v, vy, Vo, V3 ..., vy 1a cac phﬁn tircua V.
Ta noéi vecto v 1a mot o hop tuyén tinh ctia cac vecto vy, V, Va, ..., Vy néu tdn tai cac vO hudng

an € Ksao cho

V=a1Vi+ aVy + ... + anVn
Vi du:
ChoV=R3v=(51,3),vi=(1 1 1), vo=(4,2,5),vs= (2, 4,5) thi v=3vs + Vv, — V3

3.3.2. Dinh nghia:
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Ho cac vecto vy, Vy,...., Vi cuia khong gian vecto V trén truong K duoc goi 1a phu thudce tuyén

tinh,néu 3 cac vo hudng o, a» .. ankhong phai tat ca déu bang khong, sao cho

aVvit aVp+ ...+ anvp=0
Ho vecto khong phu thudc tuyén tinh dugc goi 1a ho doc 1ap tuyén tinh. Nghia 1a
n —
V(anan) e K" Zl:aivi =0=>¢,=0,Vi=1n
i
Chay:
(i) Moi ho hitu han cac vecto, trong d6 co vecto khong déu phu thude tuyén tinh
(i) VYV eV, {v}doclap tuyén tinh khi va chikhiv = 0
3.4. KHONG GIAN CON SINH BOI MOT TAP HQP:

Néu S 1a mot tap hop con khac réng cia V thi ho cic khong gian con ctia V chita S 1a mot
tap khac rong. Phan giao ctia ho nhitng khong gian con nhu vy 1a mot khong gian con, khong
gian con nay dugc ky hiéu 1a < S>k va goi 1 khong gian con ctia V sinh ra béi tap S. Néu <S>=V

thi ta goi S la tap sinh cua V va ta con ndi V dugc sinh ra boi tap S.
3.4.1. Dinhly:

Cho ¢ #S <V . Khi do
<S>={veV | dneN’,3(q,...a,) € S",I(e,..x,) € K”,VZZaiai}
Vi du:
ChoV=K3v=(101),w=(11,0)

Khido: <v>={(a 0,a) a e K}va

<vw>={av+pw |o,feK}={(a + B, f,a)|a,BeK}
3.5.CO SO VA SO CHIEU:
3.5.1. Dinh nghia:

Khong gian vecto V trén K goi 1a n chiéu, néu tdn tai n vecto doc 1ap tuyén tinh va khong

t6n tai mot ho doc 1ap tuyén tinh nao chira nhiéu hon n vecto.
Vay, s6 chiéu ctia khong gian vecto 1a s t6i dai nhimg vecto doc 1ap tuyén tinh.
S chiéu ctia khong gian vecto V ky hiéu 1a: dimV

Khéng gian vecto c¢6 s6 chiéu hitu han goi 1a khong gian vecto hitu han chiéu.
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Khong gian vecto c6 thé tim duoc vo s6 nhing vecto doc 14p tuyén tinh goi khong gian

vecto vo han chiéu.
3.5.2. Dinh nghia:
Ho n vecto doc lap tuyén tinh ciia mot khong gian vecto n chiéu goi 13 mot co s ctia V.
3.5.3. Dinhly:

Moi vecto x ctia khong gian vecto n chiéu V déu viét duoc mot cach duy nhat dudi dang
t6 hop tuyén tinh cta nhiing vecto co so.

3.54. Dinhly:
NéuB= {ag,a,,....,a, } ]amot tap doc 1ap tuyén tinh va sinh ra V thi B 1a mot co s¢ cua V.
Vidu:

Tim s0 chiéu va mot co sd cia khong gian 101 gidi cia h¢ phuong trinh tuyén tinh thuan
nhat sau.

X + 2Xx, + 4%, - 3, = 0
3% + 5%, + 6, — 4x, = 0
4% + 5% - 2% + 3%, =0
3% + 8x, + 24x, — 19x, = O
Gidi:

1 2 4 -3 1 0 -8 -13

35 6 -4 01 6 -5

4 5 -2 3 - 00 0 O

3 8 24 -19 00 0 O

Vir(A)=2,NéndimgSa=n—-r(A)=4-2=2

x, = 8x, + 13x, = 8x + 135
x, = —6x, + 5x, = —6a + 5[0
q E
A X, =aTuyy
X, = [fToyy

Cho @ =1,8=0=> & =(8,-6,1,0)
Cho a=0,8=1=>&,=(13, 5,0, 1)

VaymotcosdciaSalaB={ & ,€E5}
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3.5.5. Pinh Iy: (vé co so khong toan ven)

Trong khong gian vecto hitu han chiéu, moi ho doc lap tuyén tinh déu c6 thé bd thc thanh
mot co sO.

3.6. TONG CAC KHONG GIAN CON:
3.6.1. Dinhly:
Cho V la K —khéng gian vecto, W1 va W5 1a hai khong gian con cua V. Khi do tap hop
{u+viueWy,veW}
13 mot khong gian con ciia V, duoc goi 14 tong cic khong gian con Wi va W, va ky hidu 1a Wy + W,
3.6.2. Nhén xét:

Tir dinh nghia trén ta thay: Néu Wi, W5 1a cdc khong gian con ctia K —khéng gian vecto V
thi Vx e Vtacox e Wi + W, <> Jae Wy, 3b e W ;x=a+h.

Vi du:

Wl={(a,,8,7)eK3|a=ﬂ }= {e,a,—a)|a e K}
W, ={@. B.7)eK3|a=B=r}={8.8.5) BeK)

Vecto (3,3,-1) e Wi+ Wa.vi(3,3,-1)=(2,2,-2) +(1,1,1)va(2,2,-2) e W1, (1,1, 1) e W,
Vecto (3,0,3) ¢ Wi + WoViW, + W, = {(@+ Ba+ B, f—a)| e, B e K.
3.6.3. Ménh dé:
Cho V la K — khéng gian vecto va W1, W,, W3 1a nhitng khong gian con cua V. Khi do:
0 Wit W =Wy
(i)  Wi+{0}=Wy
(i) Wi+V=V;
(iv)  Wi+Wo=W,+Wj;
(V) Wi, W, la cac khong gian con cia Wy + Wy;
(vi) Néu W, 1a khong gian con ctia W5 thi W; + W3 la khong gian con ctia W, + W
3.6.4. Dinh nghia:

Cho V la khong gian vecto trén K, W1 va W5, 1a nhiing khong gian con ctua V. Gia st
W = Wi+ W,. Khi @6 ta néi W 1a tong truc tiép ctia W1 va Wo néu WinW,; = {0} va ky hiéu la

szl@ Wg.
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3.6.5. Ménh dé:

Cho V la khong gian vecto trén K, W3 va W, 1a nhiing khong gian con ctia V va
W=W;+W,. Khi d6 W 1 tong truc tiép cia W1 v W néu va chi néu moi phan tir x cia W déu

viét duge mot cach duy nhat dudi dangx =a+b, voia € Wy vab € Wo.
3.6.6. Dinh nghia:
Cho V 1a mot khong gian vecto trén K va W1, W, 1a cac khong gian con cua V. Néu

V:W1(‘BW2.

thi ta n6i W; (twong tmg W5) 1a khong gian con bu truc tiép ciia W, (twong tng W1) trong V.

3.6.7. Dinhly:
Cho W1, W5, 1a cac khong gian con cua khong gian vecto hiru han chiéu V. Khi d6
dim(W1+ Wz) =dimW;+ dimW, — dlm(WlﬂWZ)

3.7. TOA PO

NéuB = ( o, 0,....;a,) lamot co so cia V thi moi ph?ln tr x e V déu viét mot cach duy

nhét dudi dang x = X, + X,@, +..... + X, &

Ky hiéu:

[X]s =

X

n

va goi no 1a toa do vecto x trong co so B

Gia sit B = (o, ,,....,.8,) VA B’ = a1,a>,.....,an 13 hai co sé duogc sap. Lap ma tran

vudng P trong do6 cot thir j 1a toa do cua vecto a;’ trong co s¢ B

[&°]=
Nghia la:
ay %y e Ay
P=(ap ... [a’le) = | a0y @y - @y,
a, O, ...
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Vi du:

ChoB={a=(1,21),a=(011),a=(-1, 2 2)}e R’ Ching minh B 1a mét co s&
cua R3vatim [uls, biétu=(1,2,3) e R®.

Taco: Bo={¢, =(10,0),¢, =(010),&, = (0,01} 1a co so chinh téc cua R®.

|AI:‘[al]BD [az]B0 [a]BO‘: =-1=0.

= R
=)

2
2
=> B la mdt tap doc 1ap myén tinh => B la mot co so cua RS,

Péu e RsthiU:t18.1+t23.2+t33.3<:>AT:C

10 -1]1 10 0]-1 -1
o2 1 2|2|>]0 1 0| 8| Vay[uls=| 8
11 23 00 1|-2 —2

3.7.1. Ménh dé:

Cho V 1a mdt khong gian vecto n chiéu trén truong K va A, B, C, 1a cac co s¢ dugc sép
ctia V. Khi d6 ta c6 cac diéu khing dinh sau:

() P(A>A)=1,;
(i) P(A—>C)=P(A—>B).P(B—C);
(iii) P(A—>B) " =P(B > A)
3.7.2. Dinhly:
ChoBvaB’1a2cosdciiaVvaP= P(B— B) lama tran chuyén co so tir B sang B’
Khi d6: [x]s = P[X]s:
suy ra [x]s = P[x]s
3.7.3. Dinhly:

Cho V 1a mot khong gian vecto n chidu va B 1a mot co sé duge sap cia V. Giast  C=
(V1, .., V) 1a mot ho n vecto bat ky ciia V. Dit

P =([vils, ... ,[Vn]B)

Khi d6 C 1a co so ciia V néu va chi néu P kha nghich. Hon nifa, trong truong hop nay P =
P(B —»C)
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< BAI TAP CUNG CO
3.1. Xét xem cac vecto sau 1a doc 1ap tuyén tinh hay phu thudc tuyén tinh?
a)(1,1,1),(0,1,-2)va(-1,1,0)
b) (,0) va (1, 2)
c)(1,1,0),(1,1,1)va(0,1,-1)
d)(0,1,1),(1,21)va(l,5,3)
e)(1,-2,3,-4),(3,3,-5,1)va (3,0, 3,-10)
3.2. Cho céc vecto
a,=1,1,2,4) a,=(2,-1,-5, 2)
a,=(1,-1,4,0) a,=(2,1,1,6)

Céc vector trén c6 doc 1ap tuyén tinh trong R* khong? Tim mét co s& cho khong gian cua
R* sinh béi cac vector nay.

3.3. Chirg minh réng cac vector ;= (1,0, -1), @,= (1, 2, 1) va a,= (0, -3, 2) 1ap thanh m¢t co
s& ctia R3, Tim toa do cua vector co so chinh tic £=01,0,0), £,=(0,1,0)va &= (0, 0, 1) trong

coso duogcsap {«,, @,, a3}

3.4. Chuing minh réng cac vector o,= (1,1, 0, 0), «,= (0, 0, 1, 1), ;= (1, 0, 0, 4) va
«,=(0,0,0,2) lap thanh m¢t co so cua R*. Tim toa do cua vector co s& chinh tic £=(1,0,0,0),

£,=(0,1,0,0), £&,=(0,0,1,0)va ¢,=(0,0,0, 1) trong co s& dugc sép {a,, a,, a3, a, }.

3.5. Trong R® chimg minh rang khéng gian W sinh béi cac vector
X=01,2,3),%,=(1,-1,2), x,=(-1,1,12)

trung voi khong gian con sinh boi cac vector  y,=(0, 1,5), y, =(1, 3, 8).

3.6. Trong khong gian vécto K* xét cac vécto sau day
x=(1,2,0,1),y=(2,1,3,1),2=(7,8,9,5),t=(1, 2, 1, 0),
u=(2,-1,0,1),v=(1,111),w=(1,1,1,1)
biat A=(x,y, z), B=(t,u,v,w). Hay tim mét co s& cho mdi khong gian con A,B,

A+B,AnB

3.7. Trong V=K* cho céc vécto u=(1,1,0,-1), v=(1, 0, 0, -1), w=(1, 0, -1, 0).
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bat A=(u, v, W) va B={(X,, X,, X5, X, )/ X; + X, + X3 +2X, = O}

a)
b)

Chimng té rang B 1a mot khong gian con ciia V;

Tim mot co s& cho mdi khong gian con A, B, A+B, A(B.

3.8. Tim s0 chiéu va mot co s¢ cua khong gian nghi¢ém cua cac hé phuong trinh tuyén tinh sau

@)

(b)

©

(d)

)

3.9. Cho cac vécto a;=(1, 2, 0, 1), a=(1, 1,

oX,
2%,
X,

oX,

+ + + + +

+ + + +

2X,
3X,
4x,
3X,
5X,

4x,
6X,
8X,

6X,
3X,
9x,
9x,

3X,
4x,
9X,
95X,

+ + + + +

6X,

+

SX,
4x,
+ 17X,

- 2X
— X
- 3X,
- 3X,

+ + + +

+ 3x,
+  2X,
+ 11x,

+ + + +

4x,
5X,

12x,
3X,

+ + + +

+ + + + +

4x,
2Xs
6X;
6X;

Il
o9 9o

oo o9

1, 0), bi=(1, 0, 1, 0), b,=(1, 3, 0, 1), va

A=(a,,a,),B=(b,b,). Tinh dim(A + B), dim(A N B) ?

3.10.Choas = (1,1, 1, 1), a=(1, -1, 1, -1), as=(1, 3, 1, 3),

bi=(1, 2, 0, 2), by =(1, 2, 1, 2),

bs=(3,1,3,1), A=(a,,a,,a;),B=(b;,b,,b,). Tinh dim(A + B), dim(A " B) ?

3.11. Cho W 1a khdng gian con ctia R* sinh bdi cac vector

a,=1,2,2,1), ,=(0,2,0,1), a;=(-2,0,-4,3)
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a) Chimg to ring B=(q,, a,, a,)la mdt co s& clia W,
b) Tim diéu kién dé B =(b,,b,,b,,b,) e W vatim[£ s
c)Choy1=(1,0,2,0),y.=(0,2,0,1),y:=(0,0,0, 3)
Chimg to rang B’ = (y1, y2, v3 ) 12 mot co s& ciia W.
d) Xay dung ma tran chuyén co sé tir B — B’.
3.12.Cho o =(11-21),,=(3,0,4,-1),05=(-1,2,5,2); f,=(4-59,-7), 5,=(31 4,4), f;=(-110,)
a) Chimg minhrang {a,, a,, a,} doc lap tuyén tinh.

b) {B B B} c6 phai co co so cua khong gian con cua R* sinh béi cac vécto a,, a,, o,

hay khong?
3.13.Cho A={(21-1),2-12),(30,0)};B={(-3,12)(1,-25),24,1)};C={(m+3,1,2),(mm-1,1),3m+3mm+3)}
a) Kiém A, B 1a co so ciia R®. C 1a co sé ctia R® khong?

u
b) Timx e R*biét [x], =| v

¢) Tim[ylenéuy=(abc)eR®

p
d) Tim[z]lanéuz e R®va[z], =] q
r

3.14.ChoW = (A) <R'=V,véi A={ay =(11-10),c, =(-13,4,1), 01, =(-1,4,3,2)}
a) Kiémtra A la cosd cia W
b) Choy=(a b, c,d) e R* Khinaoy e W hay tim [y]a

) bit B={f=01-1-1),5=(27,03),8=(27,02)}. Kiém B la mot co sé ctia W
va viét P(A — B).

d) Timx, [yls, [Z]a néu biét:

1 -5
[X]. =| -2, y=(@bcd) eW, [z], =| 1
3 -4
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Chwong 4
ANH XA TUYEN TINH

% Muc tiéu hoc tip: Sau khi hoc xong chuong nay, ngudi hoc c6 thé:
- Xay dung anh xa tuyén tinh
- Tim nhan, anh cta anh xa tuyén tinh

Nhiic lgi:
* f: D— E goi la don dnh néu
Vxx’ €D, flx) =f(x) =>x=x"
*f: D — E goi la toan danh néu f(D) = E.
*f: D — E goi la song dnh néu vira don dnh va toan anh.
* Anh xa nguoc

Néu fla I song dnh thi vmg véi méi phan tir ye D. Khi @6 dnh xa y di tir E lén D xdc dinh
bdi f(x)=y goi la anh xa nguwoc ciia fva ky hiéu la f*

f1 1a song &nh va ta co: fi(y)=x <=> y=f(x)
4.1. PINH NGHIA VA CAC TiNH CHAT CAN BAN

4.1.1. Dinh nghia:

Cho V, W 14 hai khong gian vecto trén truong K. Anh xa f: V. — W duoc goi 1a mot anh
xa tuyén tinh néu:

0] f(vitvy) = f(vy)+(v2), Vvi, V2 €V
(i) flav)=af(v), VveV, VaeK
Ta ¢4 thé viét lai thanh:
flavi+Vvo)=a f(v)+f(vo), V a €K, Vvi, VeV
Ky hiéu L(V, W) 1a tap hop tat ca cac anh xa tuyén tinh f di tir V vao W
Vidu: f:V=R?* > W=R®
(u,v) ( 2u-v,7v-5u,3u+8v)

bat x=(u,v) thi

2 -1
u
fx)=|-5 7 U:AXT
\'
3 8
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Nhu vay f(x) = AX", VX € R?

2 -1
V6iA=|-5 7
3 8

Ta kiém f 14 4nh xa tuyén tinh,
XétceR va X, Y e R% Ta chimg minh
f(cX + Y)=cf(X) + f(Y)
Ta co:
fcX +Y) = AlCX +Y) = ACX"+ YT
=cAX" + AYT = cf(X) + f(Y)
Vay f1a anh xa tuyén tinh
4.1.2. Ménh dé:
Gia s f: V. — W 1a mot anh xa tuyén tinh. Khi d6
(i) NéuE la khong gian con ctia V thi f(E) 1a khong gian con ciia W;
(i) NéuF 1a khong gian con cia W thi £*(F) 1a khong gian con ciia V.

Do d6 anh ciia 4nh xa tuyén tinh f 1a Im(f) = f(V) ciing 1a khong gian con ctia W va nhan
cua f, ker(f) = £ %(0) 1a khong gian con cta V.

4.1.3. Ménh dé:
Giasu f e L(V, W). Khi do
(i) NéuA={a,a,,..a,}sinhraVthif(A) = {f(a,), f(a,),....T(, )} sinh ra f(V),
(i) Néu A doc 1ap tuyén tinh va f1a don anh thi f(A) doc lap tuyén tinh.
(iii) NéuB = {by, ..., by} = f(V) doc lap tuyén tinh va c; € F(b),i=1n
thi C={cy, ..., Cy } doc 1ap tuyén tinh.
4.1.4. Ménh dé: (xdy dung dnh xa tuyén tinh khi biét anh ciia 1 co sé)

d6 ton tai duy nhat mot anh xa tuyén tinh f: V. — W thoa f(e)) = u, i= 1,n.
Vi du:

R?cocosda= {a=(3,-7) a = (-2 4)}trong R® chon sin A, = (-14,2), 53, = (5-8,3)
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Hay tim fe L(R? R% thoa f (¢ )= 4,, f(a,)=5,.
Xét Vo =(u,v) e R?. Ta can x4c dinh (e ) = f(u,v)

bat toa d0 « theo cosd a

2

[a]a= (zlj thi @ =c1a, + C1, < (U,V)=C1(3,-7) + Co(-2,4)

c,=—-vV-2u
=> —7u—2v
Cp=—"—
2

u

3 - 2
@{Cl C,

—7/c, + 4c, v

Tt a =C1a, +C1 2, ta co:
f(O{ )=f(C1a 1+ Czaz) = le(a 1) + sz(az)

= (- 20-v)(-14,2) + (J“T‘Q"’)(a _8,3)

= _71 (31u + 13 v, 72u + 32v, 29u + 13V)

Vay fla )= _?1 (31u +13v,72u+32v,29u+13v)
42. MA TRAN BIEU DIEN ANH XA TUYEN TiNH

4.2.1. Dinh nghia:

Matran D € Mpmxn(K) c6 cot thtr j 1a [f(by)]c , ] =1,n duogc goi 14 ma trén biéu dién 4nh xa

tuyén tinh f theo cap co s B, C ky higu [ ]S
Vi dy: f.R® — R?
uv,w) —> (Ru-7v+ W, u~/5 - Bv + 9w)

R%c6 coso Bo={¢,,¢,,6, }

R% ¢ co's6 Bé ={¢.5}

Tinh f(e,) = (2,7/5) => [f( &, )]s = [ng
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f(e,) = (-7, -6) => [f(&,)]p0= (: ;J

f(2,)=(7 9) => [f(2, oo™ @

Suy ra:
- 2 -1
42.2. Pinhly:
Véi moi xe V, [f(X)]e=If]5 .[X]s
Vi du: Cho fe L(R®, R?)
R? ¢ co s B={by=(- 2,1), b,=(-5,2)}
R3¢ co s Bo={&,,6,,63}
biét ré“mg ma tran biéu dién ftheo cap co sé By, B:
B -3 1 4
G
Tim f=2 (viét biéu thirc cua f)
Xét o =(uv,w)e R3. Tim f(ar ) = f(u,v,w) =?
[f( )]s = [15, [ oo

u
Tact: [ala=[als=]|V
w

-3 1 4
[f(a)ls-(z 5 7J

f(a)=(-3u+v+4w)b; + (2u—2v + 7w)b,

-3u + v + 4w
2u — 2v + 7w

=S < <

= (-3u+v+4w)(-2,1) + (2u—2v + 7w)(-5, 2)
= (-4u + 8v —43w, u—3v + 18w)

Vay f(u, v, w) = (- 4u + 8v -43w, u—3v + 18w), V (u, v, w) e R®
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4.2.3. Ménh dé:
NéufelL(V,W),g e L(W,U)vaA,B,Clacac co sd dugc sip twrong tng cua V, W, U thi

[9:f]% = [g]z [f] 2

Vi du
-2 5 01
@1S=| 9 -1 2 2
4 -3 30
1 -2
2 3
15 =
[f]% 0 -1
7 0
1 -2
-2 5 01
C C B 2 3
[9:f1, =[9ls [fl.=| 9 -1 2 2 0 _1
4 -3 30
7 0
15 19
=21 -23
-2 =20

42.4. Pinhly:

Chof e L(V, W), A va B tuong tmg 14 co s& duoc sap ctia V va W. Khi d6 f kha nghich néu
va chi néu [f]% kha nghich.

4.25. Ménh dé:

Goi Pe My(K) 13 ma trén ddi co so tir B sang B’ trong V, Q € My(K) 13 ma tran ddi co s6 tir
C sang C’ khi do:

[f5=Q" [fl5 P
Vi du:
f:R® > R’
(u,v,w) — (5u+v-7w, 4w — 8u +3v)
R3cohaicosd B=B,vaB’ = {c1=(1,2,2),¢:=(2,0,3),c3=(2, 1, 3)}

R? ¢6 hai co s6 C=B, va C’ = {&,=(4, -3), ,=(5, 1)}
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Viét [£]S , rdi suy ra [f] 5.
* 15
f(5)=1(1,0,0)= (5, -8)
f(,) =(0,10) = (1,3)

f(e,,)=1(00,1)=(-7,4)

[fls = ([f(£)]e [f(&,)]c [f(&;)]c)
(5 1 -7
_(—8 3 4}

1
*P=P(B >B’)=| 2
2

w O N
w N

4 5
*Q=P(C —>C’)=(_3 J

— 71_i 1 -5 -1_i T
=Q _19(3 4]Q _|Q|'C

1
e _1(1 -5)(5 1 -7
== 2

s 19(3 4)-8 3 4),

1(-37 9 -5
190 3 —49 -43

43. NHAN VA ANH CUA ANH XA TUYEN TiNH

w O N
w K DN

43.1. Mgénh dé:
Cho fe L(V,W). Khi do:
i) Ky hiéu Im(f)=f(V)=khong gian anh cta 4nh xa tuyén tinh f
= anh cia toan bd V qua anh xa tuyén tinh f

ii) Néualamotco s cua V thi f(a) 1a mot tép sinh caa Im(f) = f(V).
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Tir tap sinh f(a) cia Im(f), ta s€ tim ra mot co s& cua Im(f).
iii) ChonK={#}< Wthi fi(K) <V
Ky hiéu ker(f) = f* (0w) ={a € V/f(a) = 0w}

Muén tim co s¢ cho ker(f) ta chi can tim co s& cho khong gian 10i giai (khong gian nghiém)
ctia hé phuong trinh tuyén tinh f(x) = 6.

Vi du:
fR" >R’

uvwt) > @Uu+2v+4w—-T7t,-3u—2v+5t, 2u+v—-w-2t, 3u+v-3w-t)

Tim co s& cho Im(f)
Chon mét co sé a tiy v ctia RY, chang han: ta chon co s& chinh tic nhu sau:
f(£,)=1(1,0,0,0)=(1,-3,2,3); f(¢, )=1(0,1,0,0)=(2,-2,1,1);
f(£,)=1(0,0,1,0)=(4,0,-1,-3); f( ¢, )=(0,0,0,1)=(-7,5,-2,-1)
Ta s€ di tim co so tir mot tap sinh:
Lap ma tran:

feg)) (1 -3 2 3
fe,)| |2 -2 1 1
fle)) |4 0 -1 -3
fe,)) (=7 5 -2 -1

Duing cac phép bién ddi so cap trén dong dé dira ma tran vé dang bac thang

1 -3 2 3 1 -3 2 3) (5

2 -2 1 1 0 4 -3 5| |y,
=

4 0 -1 -3 0 0 0 0| |0

-7 5 -2 -1 0o 0 0 o (o
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Im(f) c6 mét co sd 1a D={, =(1,-3,2,3), 7, =(0,4,-3,5)}=>dimIm(f)=2
e Tim mot co so cho khong gian Ker(f)
Ker(f)={a € R*/ f (a) =0}

Giai hé phuong trinh f{ & )=0 v6i a =(u, v, w, t)

u + 2v + 4w — 7t = 0

-3u - 2v + 5t =0
=

2u + v — w — 2t =0

3u + v — 3w — t =0

1 2 4 710 1 0 -2 1|0

-3 -2 0 510 01 3 -4|0
= —

2 1 -1 -210 0 0 O 010

3 1 -3 -1|0 0 0 O 010

nghiémw,t e Rtuyy,u=2w—t,v=4t-3w
Chow=1,t=0tacd 1:=(2,-3,1,0)
Chow=0,t=1tacd 1,=(-1,4,0,1)
Vay Ker(f) cocosolaC={11=(2,-3,1,0), 12=(-1,4,0, 1)} =>dimIm(f) =2
4.3.2. Ménh dé:
f don anh néu va chi néu ker(f) = 0.
43.3. Pinhly:
Khi V=V" thi dimV=dimIm(f)+dimKer(f)=n

44. TOAN TU TUYEN TINH

Mot 4nh xa tuyén tinh tir V vao chinh né dwoc goi 1a mot téan tir tuyén tinh (hay mot phép
bién ddi tuyén tinh, hay mot tur déng cAu tuyén tinh) trén V. Tap hop tat ca cac toan tir tuyén tinh

trén V duogc ky hiéu 1a L(V).
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< BAI TAP CUNG CO:
4.1. Cho K 1a truomg con cua trudng sb phirc C va f 13 anh xa tir K® sang K2 duoc dinh nghia boi:
(X1, X2, X3) = (X1 — X2 + 2X3, X1 — X2 + 3X3, X1 — 3X2 + 8X3)
a) Kiém chung f1a anh xa tuyén tinh.
b) Néux = (a,b,c) 1a mot vécto cua K3, tim diéu kién trén a,b,c sao cho x € Im(f), hang cta f?
¢) Tim diéu kién trén a,b,c d x e Ker(f). X4c dinh khong gian Ker(f).
4.2. Tim mot 4nh xa tuyén tinh f tir R® @én R® c6 Im(f) la ({(1,0,-1),(2.1,2)}).
4.3. f1a toan ttr tuyén tinh trén R® véi:
(X1, X2, X3) = (2X1, X1 + X2, 3X1 + X2 — X3).
a) fkha nghich hay khong ? Tim f ! néu co.
b) Chung minh (- 1)(f-21)=0
4.4. Cho f14 4nh xa tuyén tinh tir R® sang R? dugc dinh nghia boi:
F (X, Xy, X5) = (X, + Xy, 2X5 — X,)
a) Ma tran biéu dién ctia f d6i vdi 2 co sé chinh tic Bo (ciia R® ) va B (cua R? )1a gi?

b) Véi cap co s B = {by,b,b3} va B’ = {c1,co}, trong d6 b; = (1,0,-1), b, = (1,1,0),
bs=(1,0,0), ¢; = (1,1), c; = (1,0), thi ma tran biéu dién cua £ddi voi B, B’ 1a gi?

4.5. Cho f1a toan tir tuyén tinh trén R® c6 ma tran biéu dién ddi véi co sé chinh tic 1a:

1 3 2
A=10 1 1
-1 2 3

Tim mdt co s& cho Im(f) va mot co s& cho ker(f).

4.6. Trong khong gian R® cho cac vecto ug = (1, 0, 1), up = (0, 1, 1), us = (1, 1, 0). Goi f1a toan tir
tuyén tinh trén R® dinh boi: f(x, y, z) = (x—Y, Y — 2, Z— X)

a) Chung t6 By ={us,Up,U3} 1a co sd cla R3. Xéc dinh ma tran chuyén €O SO tir By sang co s¢
chinh tic B, cua R,

b) Tim ma tran biéu dién cua f theo cap co so Bo, Bi.

c) Chou=(1,2,3). Hay tim toa d§ cta u va f(u) theo co s& B;.

d) Tim co sd va sb chiéu ciia Im(f), ker(f). Anh xa f ¢6 song anh hay khong? Giai thich?
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4.7. Trong khdng gian R® cho céc vecto ui= (1,0,1) , u; = (0, 1, 1), uz = (0, 0, 1). Goi 14 toan tir
tuyén tinh trén R® dinh boi f(x, y,Z)=((m+2)x+3y+2z,x+my+z x+y+2z)

a) Chung to By = {us, Uz, U3 } 1a co so cua R3. Xac dinh ma tran chuyén co sO tir By sang co
s& chinh tic B, cua R®,

b) Tim ma trin biéu dién cua f theo co s& B
¢) Chou=(1,-1,1). Hay tim toa d6 ctia u va f(u) theo co so Bi.
d) Pinh m dé f1a mot song anh. Véi m=0 hiy tim co s& cho Im(f), ker(f).

4.8. Cho 4nh xa tuyén tinh f: R® >R cé: B = {a; = (1,1,1), a2 = (0,1,1), a3 = (0,0,1)} 12 mét co
s& cua R®va f(ay) = (2,5,12); f(az) = (1,3,7); f(as) = (-1,0,-1).

a) Xac dinh biéu thtc cta anh xa f.
b) Tim co s& va sb chiéu caa Im(f), ker(f).

4.9. Cho 4nh xa tuyén tinh f: R* — R® phy thudc tham s m €R ¢6 B ={a; = (1,-2,1), a, = (2,1,0),
as =(1,0,0)} 1a mot co so cua R® va f(a)=(m + 1,5-m, 2m -5); f(a)=(2m+1, m-1, 2m + 1);
f(as)=(m+1,m-2, m+2).

a) Xac dinh biéu thtc ciia 4nh xa f
b) Dinh m dé f1a song anh

¢) Vé&im=4, hiy tim co so va sb chiéu ctia Im(f), Ker(f).
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Chuong 5
CAC DANG CHINH TAC CUA MA TRAN

% Muc tiéu hoc tip: Sau khi hoc xong chuong nay, ngudi hoc co thé:
- Nhan dién téan tir va ma tran chéo hoa

5.1. PA THUC PAC TRUNG
5.1.1. Dinh nghia:
Cho AeM(K). Ta goi da thirc dac trung ctia A 1a da thirc pa(x)=det(x1—A).

Ta thiy pa(x) 1 mot da thirc bic n trén K.

Vidu l:
2 2 -1 x—2 -2 -1

NéuA=|2 2 0 |thipa(X)=det(xl=-A)=| -2 x—-2 0 [=x*—5x*+7x-8.
3 -1 1 -3 1 x-

5.1.2. Dinh nghia:

Cho f1a mt toan tir tuyén tinh trén khong gian V hitu han chiéu. Ta goi da thirc déc trung
cua f'la da thirc bac n:

pr(X) = det(xl, — A) = fa(X)
v6i A 13 mot ma tran biéu dién f ddi véi mot co sé B ndo d6 cua V.
Vidu2:

Cho 14 mét toan tir tuyén tinh trén R® xac dinh boi:

f(Xl, Xo, X3) = (3X1 + Xo —X3, 2X1 + 2Xo — X3, 2X1 + 2X2).

31 -1
A:[f]Bo =2 2 -1| nén da thirc dac trung cua fla:
2 2 0
x-3 -1 1
pi(X) =det(xls3—A)=| -2 x-2 1] =x*—5x*+8x—4 = (x-1)(x-2)>.
-2 -2 X

5.2. TRIRIENG, VECTO RIENG CUA TOAN TU TUYEN TiNH VA MA TRAN VUONG:
5.2.1. Dinh nghia:

Chofe L(V)vaceK
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PitE.={a € VI f(a)=ca }={a eVIf(a )<cldy(a )=0}={a eVI (f-cldv)(a )=0}

Vay E.=Ker(f-cldy) va E; <V (khdng gian con)

Khi dé:

- Néu E#{0} thi ta n6i ¢ 1a mot tri riéng (trén K) cua f.

- Eclakhong gian riéng cua f twong g voi tri riéng c.

- Mbi a eE\{0} goi la vecto riéng cua fmg véi tri riéng c.
Ta co:

E néuc=0

&)= {{OC} néuc=0

Vidu3:

Tiép theo vi du 2, ta ¢6 pr(X) = (x-1)(x-2)?

Phuong trinh ps(X)=0 c6 2 nghiém x=1 va x=2
Ta co:

E={Xe R¥(f-21dy)(X)=0}

E, 1a khong gian nghiém cuia hé phuong trinh ([f]g, — 213)X =0

1 1 -1 1 1 -1
[fleo—21=|2 0 -1|—0 2 -1
2 2 -2 0 0 O

N 1 1
X3 € Rtuyy, X2 —Exg,xl— Exg

1 1
Ex= {(E X3 ’E X3, X3)[Xs € R}= {0}

Vay:

¢ =2 1a mdt tri riéng cua f

E, 1a khong gian riéng tuong tng vai tri riéng la 2

Choxz=2taco y=(l, 1, 2) 1a vecto riéng tuong tmg voi tri riéng la 2
5.2.2. Dinh nghia:

Cho A e Mp(K)vac e K.

Pat Ec = {X e K AX" = cX"}={ X € K" (A—cl,)X" = 0}
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Khi do:

Vidu:

Da thirc dac trung pa(x) = [xlo— A| = ‘

Ta co:

A

Vay:

- NéuE¢ # {0} thi ta n6i ¢ 1a mt tri riéng (trén K) ctia ma tran A.
- Ec lakhong gian riéng cua ma tran A tuong ing véi tri riéng c.

- Mbi a € E\{0} goi 1a vecto riéng clia ma trin A tmg véi tri riéng c.

Cho A= G’ 9 e Mx(Q)

X-5 -6
-1 Xx-6

‘ =(x-3)(x-8)
Es={X € Q(A-31,)X" =0}

Giaihé (A-31)X'=0

2 6 1 3 X, =a
A-3l= —> =
1 3 00 X, =-3a

Es = {X =(-33, a)lacQ} = {0}
¢ =3 1a mdt tri riéng cuia A trén Q
E; 1a khong gian riéng cua A ng vdi tri riéng 3

Choa=1taco X;=(-3, 1) la mot vecto riéng cua A mg vdi tri riéng 3

5.3. TOAN TU VA MA TRAN VUONG CHEO HOA:

5.3.1. Dinh nghia:

Cho f e L(Vy) VA A € My(K)

0] Toan tir f chéo hoa dugc (trén K) néu c6 co so
A={ai, ay, ..., an} ciaV,sao cho
C, o --- 0
0 ¢ ‘ e ,
[fla=1 . : la ma tran duong chéo (cy, Cy, ..., ¢h € K)
0 o --. C,
Suyra: fla1) =cia1, f(a2) =Craxa, ..., flan) =Channghialda= {a1, ay, ..., an}gdm cic

vecto riéng cua f ung voi céc tri riéng ¢y, Cy, ..., Cn.
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(i) Ma tran vudng chéo hoa duoc néu ton tai P € My(K) kha nghich thoa
c, O

0 c
pilap= | % . | la ma tran duong chéo (cy, Co, ..., ch € K)

Vi du:
()  fVa=Rx] > Viz=Ry[x]
¢ (X) P2’ (x)+5¢(X)
Xétcosoa={1,x, x2} cua Vs
(1) =2x(1)’ + 5(1) = 5(1) + 0x + 0x?
f(x) = 2x(x)” + 5x = 0(1) + 7x + 0X?

f(x?) = 2x(x%) + 5x° = 0(1) + OX + 9x?

500
Taco: [fl = ([f(D)]a [f()]a [f:))) =]0 7 0O
00 9
Vay: f chéo hoa dugc trén R
7 -6 -10
(i) ChoA=|-12 17 24 | eMsR)
12 -15 -22
~3 4 6 1 2 2
Q=| 0 1 1 |khanghichvaQ'=|-2 0 -3
2 -3 -4 2 1 3

PatP=Q*thiP*=Q

-3 4 6 7 -6 -10(1 2 2 -1
P'AP=| 0 1 1 |-12 17 24 |-2 0 -3|=
2 -3 -4)12 -15 -22)\ 2 1 3

Vay : A chéo hoa dugc trén R
5.3.2. Dinh ly (nhdn dién toan tir va ma trdn vuong chéo hoa dwoc)
a) Cho f € L(Vy). Tanoi:

0] f chéo hoa duoc (trén K) khi va chi khi
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e p,(X)=(x-c)"(x-¢,)?...(x=c,,)™vGicy,Cy ..., cm € K _tririéng

(pr(x) tach dugc trén K)

(i) f khong chéo hoa duoc (trén K) khi va chi khi
|: ps(X) khong tach dugce trén K
dk € {1, ..., m}sao cho dim Eck <
b) Cho A € M(K). Ta co:
() A chéo hoa duoc (trén K) khi va chi khi
e p,(X)=(x—=c)"(x=c,)?...(x=c,,)"VvGicy, Cy ..., cm € K _tri riéng

(pa(x) tach dugc trén K)

(i) A khong chéo hoa dugc (trén K) khi va chi khi

|: pa(x) khong tach dugce trén K
Jk € {1, ..., m}sao cho dim Eck <

5.3.3. Thuc hanh ( Ma tran chéo hoa )
a)Chofe L(Vy)
e Tim ps(x) = det(xl, - [f]s) (6 1a co so ctia V,,)
e Néu pi(x) khong tach dugc trén K thi f khong chéo hoa duoc.

o Giastpix)= (x—c,)*(x—¢c,)? ---(x—c,)" ( tach dugc trén K).
e Tim coso ajcho ECJ_ =ker(f—cjldvy); 1<j<n
e Néuike {1,2,....,m}madimg Eck < 1 thi f khong chéo hoa dugc trén K.

e Néu dimr Ec,. =1; (1 <j <m) thi f chéo ho dugc trén K.

o Lipa=a; UaU ... U an(gilr nguyén thir ty cua cac vécto ) thi a 1a mét co sd cua
V, va:
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<y p
\ O 7 1an
<y
s

2
O \(:m } 7, lan

L7]. =

b) Cho A € M(K)
e Tim da thirc dac trung: pa(x) = det (xI, — A).
e Néu pa(x) khong tach dugc thi A khong chéo hoa dugc.

e Néupa(x)= (x—c,)"---(x—c,)" (tach dugc trén K ).
e Tim coso ajcho Ecj ={X e Ky/(A—cjly) X" =0}
e Néu3ke {l,...,m} sao cho dime E  <rithi A khong chéo hoa duoc.

e Néu dims ECj =1 (1 <j<m) thi A chéo hoa dugc trén K

m
Lapa“= U a; (gilr nguyén thtr tu cac vécto) thi a 1a mdt co so cua K.
i-1

Dit P =P(Bo — a) (Bo 1a co so chinh tic ciia K")

< ' 5
N Oy
Cl‘

bza3
O \cm }rm Ian

P AP

Vidu:
a) f e L(Rs) c6 pr(X) = x*—1 = (x — 1)(X?* + x + 1) khong tach duge trén R (ViA <0).
b) A € My(Q) 6 pa(x) = x* — 11x*+ 18 = (x* — 9)(x*- 2)
= (x + 3)(x — 3)(x* — 2) khong tach dugc trén Q

Vay A khong chéo hod duogc trén Q
Xem K = R thi pa(X) = (X + 3)(X — 3)(X +~/2 )(x -+/2 ) tach duoc trén R

Vay A chéo hoa duoc trén R ( vi cac nghiém déu don)
o)feLR®) fRPHR?

(u,v,w) > Bv—-u—-w, 5v—-3u—w, 3v—-3u+w)
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-1 3 -1
[f], =|-3 5 -1

-3 3 1
x+1 -3 1 x+1 -3 1
pi(x) = det(xls - [flpo)=| 3 x-5 1 d,=d,-d,] 0 x-2 2-X
3 -3 x-1 3 -3 x-1

X+l -3 -2
C,=C,+C,| 0 x-2 0 |=(x-2)(-D*?
3 -3 x-4

X+1 -2
3 X—4

‘= (x=2)*(x-1)

Vay pi(x) tach dugc trén R (c1=1 ¢, =2, 11=1,1,=2)
*Timcosgazcho B, =Ep=ker(f-21d ;)
(uv,w) e E < (f-21d_; )(uv,w) =0
< f(uv,w)-21d_, (uv,w) =0

< Bv—3u—w,3v-3u-w, 3v-3u-w)=(0,0,0)

-3 3 -1/0
<|-3 3 -1|0|<=(-3 3 -1]0)
-3 3 -1/0

Nghiém: v=a,w=3b,u=a-b,abeR

Choa=1,b=0, ta c6 vécto nghiém a; = (1,1,0)

Choa=0,b=1,taco vécto nghiém o, = (-1,0,3)

= E>cocosoa={a;=(1,1,0),02=(-1,0,3)} vadimgE; =2 =1,
* Tim co s& a1 cho ECl = E; =(f- |dR3)

(uvw) e By < (f-1d_;)(uv,w) =0

< (-2u + 3v—w,-3u + 4v —w,-3u + 3v) = (0,0,0)

-2 3 -1|0 1 -1 0|0 1 0 -1
-3 4 -1{0/—0 1 -1|{0—>0 1 -1
-3 3 010 0 1 -1|0 0 0 O

Nghiém:u=a,v=a,w=a
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Cho a =1 ta c6 vécto nghiém oz = (1,1,1)
= Eijcocosda;={az=(1,1,)}vadimgE;=1=n,
P () =(x=2)*(x~1)

Vay:  dimgE =1=n = fchéo hoa duogc trén R
dimz E,=2=r,

bata=a,ua; ={o1 =(1,1,0),a2 = (-1,0,3),a3 = (1,1,1)} thi a la mdt co s& cua R3va:

2 0 ';-21;&11
[f=] 2
0 1 }11;&11
d) Cho
5 6 -3
A=[-1 0 1 |eM,(Q)
1 2 1

X-5 -6 3 X-5 -6 3 Xx-5 -6 9

* pa(X) = det(xls — A) = x -1/= 0 x-2 x-2=/ 0 x-2 O
Pa 3 1 -2 x-1 | -1 -2 x-1 |-1 -2 x+

X-5

= (=20

9J=(x—2)3
+

tach dugctrén R, c1=2,r,=3
*Tim coséa; cho B, =E;={X € Q/(A-2l5) X" =0}
Giai hé (A—213)X"=0

3 6 -3|0 1 2 -1]0
-1 -2 1 |0|l<|0 0 0|0|e=@ 2 -1]0)
1 2 -1|0 00 00

Nghiémx, =a,X3=b,Xx;=b—2a,ab e Qtuyy.
Chon a=1,b=0 co vécto nghiém o = (-2,2,0)
a=0,b=1 co vécto nghiém a, = (1,0,1)
= Eicocosda; ={on=(-2,2,0),00=(1,0,1)} vadimgE; =2<r; =3

Két ludn: A khong chéo hoa duoc trén Q.
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5.3.4. HE¢ qua:

Cho f e L(V,) va A € My(K). Néu pi(x) ( hoic pa(x)) tach duoc va chi co nghiém don
trén K thi f (hodc A) chéo hoa dugc trén K.

Vidu:
7 =12 -2

Cho A= 3 -4 0 [eM;(R)
-2 0 =2

A ¢6 chéo hoa dugc trén R khong? ( néu co tim P kha nghich € Ma(R) d& P*AP 1a ma

tran chéo)

Xx-7 12 2
*pa(X)=det(xls -A)=| -3 x+4 0 [=(X-7)(x+4)(x+2)—4(x+4)+36(x+2)
2 0 x+2

= X(X + 1)(X — 2) tach dugc trén R va chi c6 nghiém don.
Vay A chéo hoa dugc trén R

(c1=0,c=-1,¢c3=2)
Tim co s a; cho B¢ =Eg={X e R*[(A—0l3) X" =0}
Giai hé (A — 013) X" = 0 c6 duoc co so khong gian nghiém: a; = {a; = (4, 3, -4)}
Timcosdazcho Ec, =E;={X e R® [(A+15) X" =0} duocaz={az=(11-2)}
Tim cos¢ agcho E¢ = E;={X e R®*|(A -2I5) X" = 0} duoc as = {as = (2,1,-1)}

bata=a; Ua, Uaz={oy oy ,03 } thialacoso cua R®

4 1 2
Dé.tP:P(BO%a):({al}ﬂo{aZ}ﬂo{a3}ﬂ)= s 11
4 —2 1
0 0 O
Thi PPAP=[0 -1 0
0 0 2

5.3.5. Ung dung: (luy thiva ma trin chéo héa dwoc trén K)

Cho A € My(K) chéo hoa duogc trén K. Ta tim dugc P
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P € My(K), P kha nghichma P*AP =| . 7
0 0
c, O 0
c 0
= A=P : . |P7
0 O C,
_ 1k
c, O 0 ¢, 0
0 c, - O
dod(’) Ak — p : :2 . : pl — P O C.Z
. \0 O C, | 0 0

¢ 0 0
a_p| 0 G % lp
0 0 cx
-1 0 -1 0
Vidu: PAP = 1 = A=P 1 pt
0 -2 0 -2
-1 0™ 1 0
A =p 1 P'=P 1 p
0 -2 0 2200

Tai lidu gidng day mdn Pai s6 tuyén tinh



< BAI TAP CUNG CO

5.1. Tim tri riéng va co sd, so chi¢u cho khong gian riéng ctia cac ma tran sau:

4 -5 2 11 0 10 2
@A=|5 -7 3| bA=[0 1 o0 ©A=|0 3 0
6 -9 4 53 -2 000

5.2. Chling t6 c4c ma tran sau khong chéo hoa dugc.

300 -1 0 1
@A=|0 2 0]; c)A=|-1 3 0.
01 2 -4 13 -1

5.3. Trong cac ma tran sau ma tran nao chéo héa dugc? Giai thich? Trong trudng hop chéo hoa
dugc hay tim dang chéo hoa tuong tmg.

19 -9 -6 14 -2
@A=|24 -11 -9/ MA=|-3 4 0
17 -9 -4 31 3

- 0 0 000 O

2 5 -5 100 -4

(c)A= ; (d)A= :
3 0 010 4

00 3 001 1

5.4. Cho f € L(R®), tim da thuc dic trung , tri riéng, vecto riéng cta f, f 6 chéo hoa duge hay
khong?

a) Y(u, v, w) e R® f(u, v, w) = (13u + 2v — 8w, 6u + 2v — 4w, 18u + 3v —11w)
b) V(u, v, w) € R?, f(u, v, w) = (4w — 2v —u, 2v — 2u + 2w, 4u — W + 2V)
) Y(u, v, w) € R® f(u, v, W) = (U—2v — 2w, 4u + 4v — 4w, U — v — 2w).

5.5. Cho A € M3(R). Chitng minh A chéo hoa dugc (hoac khong chéo hoa duoc) trén R. Néu A
chéo hoa dugc thi chi ra ma trén kha nghich P € My(R) thoa P'AP 1a ma trén dudng chéo rdi tinh
AP bhing 2 phép téan nhan ma tran

7 -12 -2 -1 3 -1 4 -5 2
ay| 3 -4 0} b)|-3 5 —-1|; c)|5 -7 3|
-2 0 -2 -3 3 1 6 -9 4
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Chuong 6
KHONG GIAN EUCLIDE

% Muc tiéu hoc tip: Sau khi hoc xong chuong nay, ngudi hoc ¢6 thé:
- Nhan di¢n khong gian Euclide
- Tim co s¢ tryc giao va truc chuan

6.1. PINH NGHIA KHONG GIAN EUCLIDE
6.1.1. Tich vé huéng (tich trong)
Mot tich vo hudng trén V 1a mot anh xa
¢ VXV —R
(. f) = p(a, f)=(x| B)
thoa cac diéu kién:
(1) <a | a> >0,Va eV (dau “=" chi xay ra khi a =0)
(i) <Ca | ﬂ) =C<a | ,B>,VC eRa,peV

(i) (a +a'| B)={(a| B)+{c'| B),Va,a', B €V (tuyén tinh trai)

(iv) <a | ,8> = <ﬂ | a>,Va,,B eV
Ghi cht: néu (|) 1a tich vo huéng trén V thi
<O|a>:<a|0> =0,Va eV
() tuyén tinh phdi (do (iii)).
6.1.2. Khong gian Euclide: 1a khong gian vecto thyuc ¢6 trang bi mét tich vo hudng nao do.
Vi du:
V=R",Va =(,...,an), B =(bs,...,b)) e R"
bit (a| B)=aiby + ahy + ... + agh, thi ( | )1a tich vo huong trén R" (goi 1a tich vo
hudng thong thudng hoic tich vo hudng tiéu chuan).
6.1.3. D¢ dai vecto — khong gian hai vecto.

Cho a,p eV
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()  Pitfe]|=/a|e) dodiicia a

Vay o 20, @ =0=> Ja| = o] =0

a #0=>|a| >0.

(i)  Khodang cach gitta a, B 1a: d(e, B) = ||l - B

Vi du:

(i) @ =(-2,3,6,0) e R*

o] - [ala) = (27 +3 +6° <07 =7

(i) #=(1,-5,6,4), y =(3,0,7,-2) e R*
|8-7|=d(B.7) =|(~2,-5-16)| = V66

< Tinh chat:

(i) Jeal = el ]

(ii) | + B| < || +| ] (bt déng thire tam gidc, ddu “=" chi xdy ra khi «, 8 ciing phuong, cing

chiéu)
(iii) ‘<a|ﬁ>‘ < ||a||||,8|| (ddu “=” chi xay rakhi &, 8 cing phuong)

6.2. CO SO TRUC GIAO VA TRUC CHUAN:
6.2.1. Ky hi¢u: Chod#A,BcV, a e V.

@ A+B={(y+6)/yeASecB};
(b) (A|B)={(y|5)/y € A5 <B};
(a|B) ={(c|5)/ V5 € B}
(c) Tandi y L& néu (y|5)=0
y LB néu (a|B)=1{0} (a L B, VB eB)
ALBnéu (A|B)=1{0} (rL6,VyeAVseB)

d) At ={yreV/iy LAY (y|A)={0)), tacé AT <V
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6.2.2. DPinh nghia:
Chod#AcV.
(a) Tandi A truc giao néuvéimoi o, fcA:a L (aLlp)
(b) Tanoi A tryc chudn néu A tryc giao va Vo € A:|a| =1.
6.2.3. Ménh dé:
Chod#ScV.
(a) Néu S tryc giao va @¢ S thi S doc lap tuyén tinh.
(b) Néu S tryc chuan thi S doc 1ap tuyén tinh.
© S ={a1,a,....an}truc giao. Khi do: oy + ap +...a|° = |ea| +|ea|” +...+ |en|
(dinh ly Pitago mé& rong)

Vi du:
@V=R,S={a;=(3,6,2,1), a, =(-6,2,3,0), @23=(2,-3,6,0)} =V

Taco: o, La,,a, La,,a, L a, nénS truc giao va S doc 1ap tuyén tinh (do 0 ¢ S)

lea]| =5v2, | =exs| = 7

. o (04
=>T= =V = V=
{1 L I A R

} truc chuén

(n L7a7s Ly Lysnl =7l =lrs]=1)

2r
(b) j(Zsin 3X—7¢0s X +5c08 4X — 4sin5x)°dx = [[2sin3x +(~7c0s X) +5c084 X +(4sin’5 3 ||2
0

= |[2sin3x|” +||-7cos x| + [pcos 4 x| + |4sin5 x|

e 27 2z 2z

:4ISin23XdX +49 Icos2 xdx +25 _[cosz4xdx +16 jsin25xdx -4
0 0 0

0

6.2.4. Truec giao héa, truc chuin héa mot co sé
Qua trinh true chuin héa Gram — Schmidt

Buéc 1: Chon {uy, Uy, ..., u } 1a mot co so bat ky ciia khong gian c6 tich v hudng hitu han chiéu
V véi dimV =n.
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Buoc 2: Xay dung co so truc giao {vi, Vo, ..., vy } cia V nhu sau:

Bude 3: Xay dung co s truc chuén {w1, Wy, ..., wp } ciaV b?mg cach chuin hod céc vecto truc

giao da xay dung trong budc 2 nhu sau:

Ve Ve Ve
7 7 A A

Vidu:
V=R3cocosda={a1=(1,1,1), a2=(-1,2,-3), @3=(0, 1, -2)}

bat g =a, = (111

o, NGB (15 g (D 2) 111 (—1 8 ‘—7)
B, =a, <ﬂ1|ﬂ1>ﬂl (-12-3)——=(11) = 3'3 3
wla) (a8 B
_ A as| P, _ (&) 1) 3 (—1 Jl 1
=ty - -  — (012 111)--3 [Z28_7|% = 2 (1046
Bi=a <,31|,31>ﬁ <,Bz|ﬂ2>ﬁ ( )———(111) 114\ 3 3 19( )
9

Vay B= {,Bl =111), B, = % 18,-7), p,= %(10,—4,—6)} 14 co s true giao cia R®

< yi
PitC= (11 1),
{ 18l 2N

Bl V3

co s& truc chuén cia RS,

P 1 Py
el o)

6.2.5. Pinhly:

Cho khong gian Euclide V va Wy, <V (dimgWp =m). Xéta={a 1, a2, ..., @ m}la mot

co s truc chuan (tly ¥) cia Wi,
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Taco: W ={a eV/a LWy}
@ V=Wn® Wy
b)) VaeV,3la’eWy, a”eWmLthéaa —a’ta”

Trong do: o’ = <a|a1>a1 + <a| oy >a2 +...+ <a| O >am (ddc 1ap véi co s6 truc chudn a)

2

Vaiag’=a -«

_ L
(c) Suyranéu V= V,thi Vf‘ =W fa W
dimgWy =n-m

Vi du:

V=R, W, <V va W;cbcoss

B=1{B1=(1-123),B.=(32-41)}

Tim co sé D cho khong gian W," = {a e RYa LW, }taco o L W, < a L coso B
Saol Bl vaa L Bz

(néu a L Ny thi hién nhién o. L f1va a. L o . Néu o L pyva o L Bo thi <a/f1>=0=<o/Bs>)
=><o/Cff; +CPf>=0V cic, e R
=>q 1 By (Vi Wy ={ B=cC1f1 + Cop2/CiC2 € R })
Vay W,  ={a=(uvwt) eRYaLpraLlp,}
={a=(uvw) e RY <a/p> =<o/B> =0}

Uu-v+2w+3t=0
u+2v—-4w+t=0

1 -1 2 3]0 1 -1 2 310 1 -1 2 3
_) —) 8
32 —4110 0 5 -10 -810 01—2—§

:{ a=(U,V,W,7) R“/{

w,t tay y
nghiém: U = - gt
v = 2w+ §t
5

Cho w=1,t=0 ta c6 vécto nggiém y; = (0,2,1,0)
L n 78
t=1, w=0ta co vécto nghiém y, = —E,E,O,l
L . \ 7 8
=> W, cocoso={y1=(0,21,0),y2= —g,g,O,l }

V=R'= w,ew,}
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6.2.6. Bai toan cue tiéu héa:

a/ Van dé: Cho Wy, <V véi V 1a khong gian Euclide. Cho truéc o, € V. Ta mudn tim B € Wy, sao
choflo-Bll=min{o-BlI/veWn}

b/ Giai quyét Taco:V= W, DWW

Wm

Phantich:a=o’+a”

m
Trong d6 o =Z;< ala; > a;

j=
Vaa={o,....,an}1a
Co s6 truc chuan tity ¥ cia Wi,
Dit d(o,Wi) = [lat - B||: k/c tir e dén Wiy,

o’ = prouwm
Bai toan cuyc tiéu hoa c6 nghiém duy nht
o

B =a’=pryma

va = minfla ] 1 <W,

Vi du:

V=R’

Wzcocosoa={a, =(-3L2),a, =(1-14)} Xét ¢ =(1,1,1) € V. Tim pr, a vad(a ,w.)
Tryc chuan hoa co s a

B=a
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1 -3
-1 1
ﬂz=az—<a2|€1>ﬂ1:(1,-1,4)- 4N2)] (-3 1 2)
A ~3)[(-3
1 1
2 2

=(1,-1,4)— %(-3, 1,2)= %(13, 9, 24)

=>p={B,=(-312),5, =78,'= (13,-9,24)} 1a co s& truc giao ctia W5.

_ o B, 1 1
=>E={y, =Lt y, =20y = = (-312),7, =——(13,-9,24
{7 AR mn} {7 g U7 = s )}

Per a=a’=<aly>y +<aly,>y,

-3 13
11 V12 e -2 1-0 )a3-9.24) = 28 (13-9.24) = % (139 24
1411, 826\ |, 826 413

_ 28 (13,-9,24) = 14 (13,-9,24)
826 413
d(a Wo) = o~ | =|a~Pr , d

14
= ILL) — == (13,-9,24
H( el ﬂ

-1 e
= 4 15(413413413) - (182,-126,336)|
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< BAI TAP CUNG CO

6.1. Xét khong gian Euclide R*. Hay xé4c dinh hinh chiéu pryu va khoang cach d(u,w) trong mél
truong hop sau:

a) u=(4,-3,-1,4) va W 1a khong gian 10i gidi cia hé phuong trinh tuyén tinh AX = 0 vé6i

1 -2 4 -3
| 2 31 -6
-2 -5 1 6

3 -1 7 -9

b) u=(4, 2, -5, 1) va W 1a khong gian 10i giai ctia hé phuong trinh tuyén tinh AX = 0 véi

2 -2 1 2

0 2 -1 -1
A =

2 -4 2 3

2 -6 3 4

gu=(1,1,1,1)vaW=<S>vé6i S= {(1, 1,-1,-2); (5,8,-2,-3); (3,9, 3, 8)}
dDu=(-1,2,0, ) vaW=<S>v6i S={(1,0,2, 1): (2, 1,2,3); (0, 1, -2, 1)}
6.2. Tima, b € R dé mdi gia tri tich phan dudi day nho nhat va tinh cac gia tri nho nhat do:

1 2 1 2

a) j(xz—a—bX) dx; b) j(l—ax—bxz)dx
0 -1
1 2 2z
c) j(x—a—bex) dx; d) I(x—asian—bcosx)de
0 0
e)f(Z—ax—bcost)zdx; f) j‘(ex—a—bx)zdx
0 -1
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Chuong 7
DANG SONG TUYEN TINH VA DANG TOAN PHUONG

% Muc tiéu hoc tap: Sau khi hoc xong chuong ndy, nguoi hoc c6 thé:
- Nhan dién dugc dang toan phuong
- Pua dang toan phuong vé chinh tac

7.1. KHAI NIEM DANG TOAN PHUONG.
Xéttruong K (K=Q,R, C, ...).
7.1.1 Dinh nghia:
Gia st V 1a mot K — Khong gian vécto n chidu. Anh xa:

o:VxV >R
(X, ¥) = o(Xx,y)

duoc goi 1a mot dang song tuyén néu o tuyén tinh theo timg bién x,y, nghia la:
a) plax+a'x'y)=ap(X,y)+a'o(X'y)
vx,xy € V, Va,a’ € K.
b) p(x,ay+a'y)=ap(xy)+a'p(x.y)
vxy,y' € V,Va,a’ € K.

Gia st ¢(x,y) 1a mot dang song tuyén trén V, E = {e1,es,. . . . . en} la mot co so cua V. Khi
d6 véi hai vécto x,y bat ky thuoe V

X:Zn:xiei’ y:Zyiei
i=1 '

n n

taco o(x,y) :Z ZXiYi¢’(ei1e )

=l j=1

bat aj = (p(ei,e,-) ta duoc

o)=Y Yaxy, O

=1 j=1

Ma tran A = (aj)) duoc goi 1a ma tran ctia dang song tuyén tinh ¢ trong co s E, ky hiéu 1a
A=ole

T
E

Ta c6 thé viét dang song tuyén tinh ¢ dudi dang ma tran: @(X, y) = [X] A[y]E

Dang song tuyén tinh thuong dugc viét dudi dang (1).
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Ch( ¥: néu co sé khong dugc chi rd thi khi d6 ta ngam hiéu E 13 co so chinh tic cta V.

Vi du:
Dang song tuyén tinh
P =XY; —2%Y, =X Y5 + XY, +3X3Y; — 7%,
co ma tran la
1 -2 -1
A=0 1 O
3 0 -7
Ta c6 thé dua vao tap hop tit ca cac dang song tuyén tinh trén V ciu triic khéng gian bang
cac dinh nghia:

3) (p+9)(X.Y) = (X y)+@'(X,y).
b) (@@)(x,y) = a@g(x,y).
7.1.2. Dinh nghia:

Gia str V 1a mot K — khong gian vécto n chiéu. Dang song tuyén tinh @(x.y) trén Vduoc

goi 1a d6i xtmg ( twong tmg, phan dbi xtmg ) néu:
p(x,y) = (Y, %), VX, y eV
(twong ing, @(X,Y) =—@(y,X), VX, y V)

Ma tran cua dang song tuyén ddi ximg ¢ trong mot co sé E bét ky 13 mot ma tran dbi ximg.

Ciing nhu vy, ma tran cta dang song tuyén tinh phan d6i xémg 13 mot ma tran phan di xtng.
7.1.3 Dinh nghia:
Gia str ¢ 1a dang song tuyén tinh ddi xtng trén K — khong gian vécto V. Anh xa
Q: V-oK
X = ¢(xy)
duogc goi la dang toan phuong trén V tng vai ¢.

Néu A 14 ma tran cla dang song tuyén tinh ¢ trong mot co s& nao do thi A ciing dugc goi
13 ma tran cta dang toan phuong Q trong co so dy. Ta c6 A 1 ma tran ddi ximg, nghia la AT=A
va khi do:

QM) +[xe Al |

Chu y rang khi cho Q thi ¢ hoan toan xéc dinh vi d& thay rang
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Q(x+y)—Q(x) - Q(y)
2

o(x,y) =

Vi du don gian nhat ctia dang toan phuong 1a
Q) = X"IX = [ X[, véi X = [x]e, E 1d mot co s¢ nao do ciia V.

Nhimg vi du dudi dy s& cho thay tuong tmg giita ma tran d6i ximg A va dang toan
phuong X'AX:

Vidu:

X ’ A & 7 A
Cho x = ( ! j Tinh X"AX d6i véi cac ma tran sau:
X2

a)A:(4 oj b)A:(s _zj
0 3 -2 7

T 4 O Xl 4Xl 2 2
a) X AX :(xl,xz)((0 3}()( j:(xl,xz)(sx j:4x1 + 3X;

b) X AX =(x1,x2)(_32 _72](:1j

3%, — 2X,
—2X, +7X,

= (prz)(

=X, (8%, —2X,) + X, (=2X, + 7X,)
=3X7 = 2%, X, — 2X, X, + X}

=3X; —4X,X, + TX2.
Vi du:
Vi vécto = (x1,X2,X3) € R, cho
Q(X) =5x2 +3%2 +2XZ — X, X, +8X,X,.
hay viét dang toan phuong ndy dudi dang X' AX.

Céac hé sb cua X7, X5, % s& nam ngang trén duong chéo ctia A. Dé A 1a ma tran ddi xtmg,
cac hé so cua xiXj vO1 1 # j s€ phai chia déu gitta cac phan tir (1,)) va (j,1) cua A. H¢ s6 cua x1X3

bang 0. D& dang kiém tra lai rang:

5 -1/2 0Yx,
Q(X) = XTAX =(x,X,,X;)| =1/2 3 4| x,
0 4 2 X,
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7.1.4 Pinh nghia: (D6i cd s6 cho dang toan phuong)

Giasu F :{fl, fy oo, f }lélcosékhéccﬁaV,

f, = Zn:cijei
i=1

P = (Cj) 12 ma trén chuyén co s6 tir E sang F.

Néu A, A’ 14 cic ma tran ctia dang song tuyén tinh ¢ trén V theo thir ty trong co s E va F

thi
ailj =o(f;, fj) = ¢(chiek ’chjel]
k=1 =)
= zckiclj(o(ek’el) = zckiaklclj'
k1= =
Nghia la A’=P'AP )

7.2. DANG CHINH TAC CUA MOQT DANG TOAN PHUONG - PUA DANG TOAN
PHUONG VE CHINH TAC

7.2.1 Dinh nghia:

Trong khéng gian Euclide R" xét dang toan phuong Q. Ta néi Q dugc dwa vé dang chinh
tac néu ta chi ra duoc mot co so F = {f;} ma trong co so nay, ma tran cua dang toan phuong Q co6

dang duong chéo, nghia la:

Q(x) :[X]TEAF[X]F :/11)(12 +Z’2X22 +“'+2’nxr§

voi: A =diag(4,,4,,--, A, ), [x]s =

Ta s& chiig t6 rang mot dang toan phuong ludn ¢ thé dua vé dang chinh tic.
7.2.2 Phwong phap bién ddi true giao
Xét dang toan phuong
Q: R">R
X = Q(X)

véi ma tran A trong co s¢ chinh tac E ctia R". A 12 mdt ma tran thuc, ddi xtng. Theo két qua o

Chuong 7, ton tai co s& truc chuan F = {f} gom nhimg vécto riéng ciia A:
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P = (cj) 1a ma tran chuyén co s& true chuin, cho nén P 1a ma tran truc giao, nghia la:

pr=p*

Gid sir A’ 1a ma tran cta Q trong F. Thé thi A’ 1a ma trin chéo véi duong chéo la cac tri
riéng tuong tng vdi cac vécto riéng f; va ta co:

A’ =P'AP=P!AP theo (2)
Néux e R" c6 toa do ddi v6i co s F 1a:

X =[x]s =xf, +--+x,f,
thi do A’ c¢6 dang chéo nén
QX) = XTAX =A% + A X2 4+ A X,
Do d6 A’=P"AP nén A’ va A ¢6 cling da thirc diic trung va A, chinh 1a céc tri riéng ciia A
Vi du:
Gia str Q la dang toan phuong trén khéng gian vécto Euclide R® xac dinh boi:

Q(X) = 2X, X5 + 2X3X, + 2%, X,

011
voi X=(X,X,,X)va A={1 0 1
110
Pa thuc dac trung cua A la:
-4 1 1
A-All=|1 -4 1|=@1+4)(2-4)
1 1 -2

Vay 4, =2 va A, = A, =—1 1a cac gia tri riéng ctia A, A4, la nghi¢ém don, A4, 1a nghiém

kép. Ta tim cac vécto riéng, dong thoi s€ 1a cac ¢t ciia ma tran doi co so P:

-2 1 1 -1 1 0

A-Al=A+2I=1 -2 1 |->|0 -11

1 -2 0 0 O
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111 111
va A-A,I=A-1=111—-|0 0 O
111 0 0O

Do d6 cac vécto riéng la:
v, =(L11)v, =(1,-10) va v, = (0,1,-1)

Thyc hi¢n qua trinh tryc gido hod, truc chuén hoa, ta thu dugc cac vécto truc giao

;)

" :(E"E’Oj

Va ma tran P cua phép chuyén co s chinh tac sang co sé truc chuan

g

Vf(%?

{V1'V2'V3}

la ma tran c6 céac vécto cdt la cac vécto v,,V,,V,

o folmiel-

Slmsln sl

tol sl -

Neéu x = (X1, X2, X3) ¢0 toa dd doi vdi co sd vy, Vo, V3 la

X = XVp + XV, + XgV,

thi:
X X
X, | =8| X,
X3 X3
hay:

Xl \/_Xl \/_ \/_3'

fxl f IXS’
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« — 1 X1 2 X
3 ﬁ \/6 3
Thay X1, X2, X3 bang cac biéu thirc trén dang toan phuong cho Q(x), ta dugc dang chinh tic
toan phuong cho Q(x), ta dugcdang chinh tic toan phuong

X+ AXT7 + A X = 2% — X7 —X]
gdm cac tong binh phuong.
7.2.3 Phuwong phap Lagrange
Y tuéng co ban cua phuong phap Lagrange 1a timg budc dua dang toan phuong vé dang
QX Xp o+, %) =X +Qu Xy, X,), 3)
v6i Qu(Xy, . . ., Xn) chi ¢ ti dan — 1 bién:
Qu(Xzs 7 X,) = 8,%; +Qy (X5, X,),
Bai toan dugc chia ra lam 2 truong hop véi cac cach xur Iy khac nhau:
1°. Truong hop 2;; =0, Vi=1,2,.. ... n;
2°. Trudng hop ¢6 it nhat mot aj; # 0 v6i i nao do.

Trudong hop 1°. 8;; =0, Vi=1.2,... n.

Ta tim cach dua vé Truong hop 2°.

+Néuap=ai=...=a;=0thi dang toan phuong chi conn — 1 bién va chuyén xu ly
cho Q(xa, . . . Xn).

+Néu nguoc lai agp # 0. Ta thyc hién bién ddi theo cong thic:

X, =X, + X,
X, = X, + X,
X, = X,

X =X

n

CosémoilaE = {ei ,€,,65,+%,€, } Ma tran ctia phép ddi co s& trén 1a khong suy bién va

c6 dang
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-1 0 0
A=0 0 1 - O
0 0 O 1

Sau phép bién ddi trén, dang toan phuong Q c¢6 dang

Q = 2a12X 2a12X2 + Zau i

i,j=2

va vi vy, v6i phép bién ddi toa do trén, Trudng hop 1° dwa vé Trudng hop 2°.

Trudng hop 2°. C6 it nhdt mét aj #0 véi i ndo do.

Khong mat tinh tong quat, gia str agy # 0,

Q = ay X2 +2a,X,X, + -+ 28, XX, +Za
i,j=2

IJI

2
a a a a
=a, xf+2xl(£x2+---+ﬂxn | 22X, e X
a‘ll a‘ll a‘ll a‘ll

a12
—a,| 22X, +- +—xj +ZaIJ ,
i,j=2

bata; =ay; va

. a a
X, = + (¥x2+---+ In xnj
all all
X, = X,
X = X

Ql(x'z,---,x;]):—all(%x'2+ +—XJ +ZaIJ ,

i,j=2
ta duoc
Q=ay%" +Q (X, %,)
c6 dang (3) vé1 Q, (X2 o X ) 1a mot dang toan phuong véi n — 1 bién.
Tiép tuc thuat toan véi Qs, sau mot s6 hitu han budc ta s& dua Q vé dang chinh tic.

Cudi cung, dé viet dugc ma tran co s0, ta viet lai phép bién doi trén dudi dang
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X = X% __Xz_"'__xrl1
a &

X, = X

X, = X,

1 %2

all 11
s=|0 1 0
0 0 1

Thuét toan Lagrange trinh bay trén day con dugc goi 1a “ khir cic sé hang chit nhat”.
Vidu:

Cho dang toan phuong Q trong R?

Q(X) = X2 — 2%, X, + 2X X5 — 2%, X, + X5 + X, X3 — X, X, + X2 — 2%}

Ta bién ddi nhu sau:

Q=X =Xy + X3 =%, ) = (=X, + X5 =X, ) + X2 + X, X3 —4X, X, + X5 — 22

2 2
= (X, = X, + X5 = X, )* +3X,X; — BX, %, +2X X, — X7
Pt X, = (X, — X, + X; — X, ) va khir s6 hang chir nhat ctia x,

2
Q(X)=x{% =3(x, + X, —X—;)Z + X, X, +X?3

- X3 4. N A,
Pit x, =X, + X, —— va khir so hang chit nhat ciia x
2 4 2 3 3

1 3x 3x?
Q(X)=x.* —3x;" +§(X3 ——22 i +—43
bt x} =x, +3%;x4 =X,

. w 1 ., 3 .
Q(X):X12_3X22+EX32_ZX42

Pay la dang chinh tic cta dang toan phuong da cho. Phép bién d6i d tién hanh la:
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X, = X, +X X
2 = 4 27 T4
3
3X,
X; = X, =
2
X, = X,

Hay

X, =X,

. 3.
X3 = X3 EX4

S X 3
X=X = ok

1 1 -4/3 1
0 0 O 1
0 0 1 -3/2
0 1 -1/3 -3/2

Nhu vay, co s¢ chinh tac 1a:

4

e, =(1,0,0,0),¢, = (1,0,01),e, = (—5,0,1,—5),e;1 =11~

1

3

2

3
2
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< BAI TAP CUNG CO
7.1. Trong khong gian R*, hdy dua cac dang toan phuong sau vé dang chinh tic.
a) Q(X) =X +2X,X, +2X, X, + X2 +4X, X, +3X5;
b) Q(X) =X, X, + X, X5 + X5 X,
0) Q(X) =X +5X5 — 4% +2X,X, —4X,X;;
7.2. Trong khong gian R*, hdy dua c4c dang toan phuong sau vé dang chinh tic
a) Q(X) =X + XX, + X;X,;
b) Q(X) =X X, +2X3X,;
7.3. Pua c4c dang toan phuong sau vé dang chinh tic bang cac phép bién ddi truc giao.
a) Q(X) =2x,X,;
b) Q(X) =3x? —4x,X, +3X5;
0) Q(X) =X + X2 +XZ —2X X, — 2%, X3 — 2X, X5 ;
d) Q(X) =X +2xZ —6X Xy + X5 —4x;
e) Q(X) =X —4X,X, +2X,X; + X2 + X ;
f) Q(X) =2x7 —2X,X, + 6%, X, + X5 —AX, Xy — X2 ;

7.4. Trong khong gian R*, hiy dua cac dang toan phuong sau vé dang chinh tic, bién luan theo
A VA u ve cac chi so quan tinh ctia cac dang toan phuong nay.

a) Q(X) =X + XX, + X2 + 2%, X, ;

b) Q(X) = AX7 + 18, (X, + X5 + %) + Xy (X5 + %) + X5X, ;
7.5. Pua cac dang toan phuong sau vé dang chinh tic.

a) Q(X) =X + X2 +3X2 +4X,X, +2X,X; +2X, X5}

D) Q(X) = XX, + X X5 + X, X, + X, X5 + X, X, +X3Xg 5

Q(X) = X7 — 2%, X, + 2X X +6X, X +3X5;
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